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Definitions

TRS R is

▶ right–reduced if r ∈ NF(R) for every rewrite rule ℓ → r in R

▶ left–reduced if ℓ ∈ NF(R \ {ℓ → r}) for every rewrite rule ℓ → r in R
▶ reduced if it is both left–reduced and right–reduced

▶ canonical if it is confluent, terminating and reduced

Theorem (Snyder 1993)

reduced ground TRSs are canonical

Definition

TRSs R and S are equivalent if ↔∗
R = ↔∗

S
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Example

three TRSs

f(a) → g(b,b) f(a) → a f(g(b,b)) → g(b,b)

h(a) → b b → h(a) a → g(b,b)

g(b,b) → a g(h(a),h(a)) → a h(g(b,b)) → b

i(a) → c c → i(a) i(f(a)) → c

1 2 3

not right–reduced canonical not left–reduced
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Known Results

1 congruence closure is efficient technique for solving word problems for ground ESs

2 completion can be tamed for ground ESs such that it always terminates in canonical TRS

3 every canonical presentation of ground ES can be obtained by ground completion

4 number of different canonical presentations for ground ES consisting of k equations is ⩽ 2k

5 first–order theory of rewriting is decidable for ground TRSs (Dauchet and Tison, LICS 1990)

Remark

4 is based on detailed analysis of special structure–sharing dag

IWC 2026 24 July 2026 1. Canonical Rewrite Systems 7/24

https://doi.org/10.1109/LICS.1990.113750


Known Results

1 congruence closure is efficient technique for solving word problems for ground ESs

2 completion can be tamed for ground ESs such that it always terminates in canonical TRS

3 every canonical presentation of ground ES can be obtained by ground completion

4 number of different canonical presentations for ground ES consisting of k equations is ⩽ 2k

5 first–order theory of rewriting is decidable for ground TRSs (Dauchet and Tison, LICS 1990)

Remark

4 is based on detailed analysis of special structure–sharing dag

IWC 2026 24 July 2026 1. Canonical Rewrite Systems 7/24

https://doi.org/10.1109/LICS.1990.113750


Known Results

1 congruence closure is efficient technique for solving word problems for ground ESs

2 completion can be tamed for ground ESs such that it always terminates in canonical TRS

3 every canonical presentation of ground ES can be obtained by ground completion

4 number of different canonical presentations for ground ES consisting of k equations is ⩽ 2k

5 first–order theory of rewriting is decidable for ground TRSs (Dauchet and Tison, LICS 1990)

Remark

4 is based on detailed analysis of special structure–sharing dag

IWC 2026 24 July 2026 1. Canonical Rewrite Systems 7/24

https://doi.org/10.1109/LICS.1990.113750


Known Results

1 congruence closure is efficient technique for solving word problems for ground ESs

2 completion can be tamed for ground ESs such that it always terminates in canonical TRS

3 every canonical presentation of ground ES can be obtained by ground completion

4 number of different canonical presentations for ground ES consisting of k equations is ⩽ 2k

5 first–order theory of rewriting is decidable for ground TRSs (Dauchet and Tison, LICS 1990)

Remark

4 is based on detailed analysis of special structure–sharing dag

IWC 2026 24 July 2026 1. Canonical Rewrite Systems 7/24

https://doi.org/10.1109/LICS.1990.113750


Known Results

1 congruence closure is efficient technique for solving word problems for ground ESs

2 completion can be tamed for ground ESs such that it always terminates in canonical TRS

3 every canonical presentation of ground ES can be obtained by ground completion

4 number of different canonical presentations for ground ES consisting of k equations is ⩽ 2k

5 first–order theory of rewriting is decidable for ground TRSs (Dauchet and Tison, LICS 1990)

Remark

4 is based on detailed analysis of special structure–sharing dag

IWC 2026 24 July 2026 1. Canonical Rewrite Systems 7/24

https://doi.org/10.1109/LICS.1990.113750


Known Results

1 congruence closure is efficient technique for solving word problems for ground ESs

2 completion can be tamed for ground ESs such that it always terminates in canonical TRS

3 every canonical presentation of ground ES can be obtained by ground completion

4 number of different canonical presentations for ground ES consisting of k equations is ⩽ 2k

5 first–order theory of rewriting is decidable for ground TRSs (Dauchet and Tison, LICS 1990)

Remark

4 is based on detailed analysis of special structure–sharing dag

IWC 2026 24 July 2026 1. Canonical Rewrite Systems 7/24

https://doi.org/10.1109/LICS.1990.113750


Outline

1. Canonical Rewrite Systems

2. Snyder’s Transformation

3. Enumeration

4. Conclusion

IWC 2026 24 July 2026 2. Snyder’s Transformation 8/24



Notation

▶ t{ℓ/r} denotes term obtained from t after replacing all subterms r by ℓ

▶ T{ℓ/r} = {t{ℓ/r} | t ∈ T} for set of terms T

▶ R{ℓ/r} = {s{ℓ/r} → t{ℓ/r} | s → t ∈ R} for TRS R

Definition (Snyder’s Transformation)

transformation

R⊎ {ℓ → r} =⇒ R{ℓ/r} ∪ {r → ℓ} (⋆)

provided r is no (proper) subterm of ℓ (rule ℓ → r is reversible)

footnote (Snyder 1993)

The fact that this single transformation is sufficient to transform one reduced system into

any other can be proved formally, but the proofs are tedious, and so we have preferred to

present this intuitively.
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Example (Snyder 1993)

f(a) ≈ g(b,b) f(f(a)) ≈ a f(f(f(a))) ≈ a

g(b,h(a)) ≈ g(b,b) h(a) ≈ b i(f(a)) ≈ c

admits six different canonical TRSs:

f(g(b,b))
1−→ g(b,b)

f(a)
1−→ a f(a)

1−→ a

a
2−→ g(b,b)

2
=⇒ g(b,b)

2−→ a g(h(a),h(a))
2−→ a

h(g(b,b))
3−→ b

h(a)
3−→ b

3⇐⇒ b
3−→ h(a)

i(g(b,b))
4−→ c

i(a)
4−→ c i(a)

4−→ c⇑⃦⇓4

⇑⃦⇓4

⇑⃦⇓4

f(g(b,b))
1−→ g(b,b) f(a)

1−→ a f(a)
1−→ a

a
2−→ g(b,b)

2⇐⇒ g(b,b)
2−→ a g(h(a),h(a))

2−→ a

h(g(b,b))
3−→ b h(a)

3−→ b
3⇐⇒ b

3−→ h(a)

c
4−→ i(g(b,b)) c

4−→ i(a) c
4−→ i(a)
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Theorem (IWC 2023)

▶ if R =⇒ S and R is canonical then S is canonical and equivalent to R

▶ if R and S are equivalent ground canonical TRSs then R =⇒∗ S

Remark

▶ formalized in Isabelle / HOL by Joshua Ocker (2024)

Question

▶ 2k bound on number of equivalent canonical TRSs derivable from Snyder’s transformation ?

Definition

finite set T of ground terms and t ∈ T

▶ T−t = T \ {t}

▶ T→t denotes TRS {s → t | s ∈ T−t }
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Definition

for ground canonical TRS R we define set E(R) inductively

▶ if R = ∅ then E(R) = {∅}
▶ if R ̸= ∅ then we choose right–hand side t ∈ RHS(R)

arbitrarily and let

▶ T = {t} ∪ {s | s → t ∈ R} and S = R \ T→t

▶ fresh constant •t

▶ E(R) consists of all TRSs (︁
U ∪ V→v

)︁
{v/•t}

such that U ∈ E(S{•t /t}) and V = ({t} ∪ T−t {•t /t})↓U and v ∈ V such that •t /∈ v
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▶ fresh constant •t

▶ E(R) consists of all TRSs (︁
U ∪ V→v

)︁
{v/•t}

such that U ∈ E(S{•t /t}) and V = ({t} ∪ T−t {•t /t})↓U and v ∈ V such that •t /∈ v
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Example

TRS R
f(g(b,b)) → g(b,b) a → g(b,b) h(g(b,b)) → b

▶ t = g(b,b)

and T = {t, f(g(b,b)), a} and T→ t = {f(g(b,b)) → g(b,b), a → g(b,b)}

▶ S = {h(g(b,b)) → b} and S{•t /t} = {h(•t) → b}

▶ E(S{•t /t}) = {U1, U2} with U1 = {h(•t) → b} and U2 = {b → h(•t)}

1 V = {t, f(•t), a}↓U1 = {g(b,b), f(•t), a} =⇒ v = g(b,b)

or v = a

f(g(b,b)) → g(b,b) a → g(b,b) h(g(b,b)) → b

f(a) → a g(b,b) → a h(a) → b

2 V = {t, f(•t), a}↓U2 = {g(h(•t),h(•t)), f(•t), a} =⇒ v = a

f(a) → a g(h(a),h(a)) → a b → h(a)
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Definition

P(R, T, •) denotes conjunction of following conditions:

1 R is canonical ground TRS

2 T ⊆ NF(R) is finite set of ground terms

3 no t ∈ T is subterm of term in LHS(R) ∪ RHS(R) ∪ T−t

4 • /∈ LHS(R) ∪ RHS(R) ∪ T is constant

Lemma

P(R, T, •) and • /∈ t ∈ T =⇒ R ∪ T→t and (R ∪ T→t){t/•} are canonical

Lemma

R =⇒∗ S and P(R, T, •) =⇒ P(S, T↓S , •)
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Lemma

R =⇒∗ S and • /∈ t ∈ T and • /∈ u ∈ U = T↓S =⇒
TRSs (R ∪ T→t){t/•} and (S ∪ U→u){u/•} are equivalent

Lemma

R = S ⊎ T→t =⇒∗ R′ with •t /∈ R and P(S{•t /t}, {t} ∪ T−t {•t /t}, •t) =⇒
there exist TRS U and term v such that

▶ S{•t /t} =⇒∗ U

▶ R′ = (U ∪ V→v){v/•t} with V = ({t} ∪ T−t {•t /t})↓U and •t /∈ v ∈ V

▶ P(U ,V, •t)
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Definitions

▶ CaP(R) denotes set of canonical presentations of given ground TRS R

▶ bound(R) abbreviates ∏︂
v∈RHS(R)

(︁
1 +# {ℓ → r ∈ R | r = v}

)︁

Theorem

CaP(R) = E(R) for every ground canonical TRS R

Corollary

#CaP(R) ⩽ bound(R) for every ground canonical TRS R
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Example (Snyder 1993)

f(a) ≈ g(b,b) f(f(a)) ≈ a f(f(f(a))) ≈ a

g(b,h(a)) ≈ g(b,b) h(a) ≈ b i(f(a)) ≈ c

admits six different canonical TRSs:

f(g(b,b))
1−→ g(b,b) f(a)

1−→ a f(a)
1−→ a

a
2−→ g(b,b)

2⇐⇒ g(b,b)
2−→ a g(h(a),h(a))

2−→ a

h(g(b,b))
3−→ b h(a)

3−→ b
3⇐⇒ b

3−→ h(a)

i(g(b,b))
4−→ c i(a)

4−→ c i(a)
4−→ c⇑⃦⇓4

⇑⃦⇓4

⇑⃦⇓4

f(g(b,b))
1−→ g(b,b) f(a)

1−→ a f(a)
1−→ a

a
2−→ g(b,b)

2⇐⇒ g(b,b)
2−→ a g(h(a),h(a))

2−→ a

h(g(b,b))
3−→ b h(a)

3−→ b
3⇐⇒ b

3−→ h(a)

c
4−→ i(g(b,b)) c

4−→ i(a) c
4−→ i(a)
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Example

TRS R

f(a) → a g(b,b) → a h(a) → b c → i(a)

▶ CaP(R) = 6

▶ bound(R) = 3 × 2 × 2 = 12 < 16
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bound(R) =
∏︂

v∈RHS(R)

(︁
1 +# {ℓ → r ∈ R | r = v}

)︁
Corollary

#CaP(R) ⩽ bound(R) for every ground canonical TRS R

Proof

we prove #E(R) ⩽ bound(R) by induction on #R

▶ R = ∅ =⇒ #E(R) = #{∅}

= 1 = bound(R)

▶ suppose R ̸= ∅ and let t ∈ RHS(R)

▶ R = S ⊎ T→t where T = {t} ∪ {ℓ | ℓ → t ∈ R}
▶ #E(R) ⩽ # T ×#E(S) ⩽ # T × bound(S)
▶ bound(R) = (1 +# T→t)× bound(S) = # T × bound(S)
▶ #E(R) ⩽ bound(R)
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Conclusion

▶ recursive function to enumerate equivalent canonical ground TRSs

▶ complicated correctness proof

▶ 2k upper bound on number of different canonical presentations for ground ESs

Future Work

▶ formalisation

▶ AC canonical presentations
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