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Background and Motivation: Proving Confluence

® strong confluence is a sufficient criterion for proving confluence
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® new?: strong confluence is semi-decidable for left-linear TRSs
® — js strongly closed iff critical pairs are strongly closed
new?: extension to left-linear TRSs
(add critical pairs £ — - —— r{x/x’} for duplicating variables x and fresh x’)
® —— is strongly closed iff Toyama’s PCP-criterion is applicable
new?: Toyama’'s PCP-criterion is complete
® —— js strongly closed iff Okui’s criterion is applicable
® criteria are incomparable (62.ari + 73 —, 72 + 23 —, 37 + 37 ——)
® new: strong commutation is semi-decidable for left-linear TRSs
new: Okui’s criterion extends to commutation
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Okui’'s Theorem and Certification

® Okui’'s theorem on simultaneous critical pairs (SCPs): for left-linear TRS

—— is strongly confluent iff all SCPs are joinable by <= - —
® |sabelle formalization of Okui’'s theorem by Kirk and Middeldorp (CPP 2025)
® deviation to Okui’s proof: proof terms to represent multisteps and SCPs
® the formal definition of the set of SCPs is not executable
® consequence: CEA, a verified certifier for confluence proofs, did not support
Okui’s criterion
® results

® develop verified algorithm to compute SCPs,
so that CélA can certify applications of Okui’s theorem
® generalize result to commutation
® CeTA-prover automates semi-decision procedures of strong CR / COM

e before doing so we introduce multistep rewriting and proof terms in this talk
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Multistep Rewriting

® intuition: a multistep combines finitely many normal rewriting steps,
provided that there is no overlap between these steps
® example for SRS 833.ari

baabb — baaaabb
babb — bb
babaaaab — baaaabaaaababaaabaaaab
baabaaaab — babaabaaabaaaab
baaabaaaab — b

baaaabbaaabaaaabaaaabb —— baabbaaabaaaabaabb — baabbaabb
e example for TRS {a:a — b, J:f(h(x1),x2) = 9(x2,¢,x1)}
f(f(h(a),a), z) - f(9(a, ¢, b), 2)
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Proof Terms

a proof term is a succinct representation of a multistep
foreachrule a: ¢ — r, ais now considered as a new symbol

the arity of symbol « is exactly the number of variables of rule «
proof terms are just terms in this enlarged signature

)

example for TRS {ov:a — b, [ :f(h(x1),x2) = g(x2,¢,x1)}
f(f(h(g)v a),z) - f(g(aa C79)7Z)

® step is encoded by proof term A := f(//(«, a),z2), i.e., src(A) —— tgt(A) where
src(x) = x
src(f(t, ..., tn)) = f(src(tr), ..., src(tn))
src(a(ty, ..., tn)) = Ihs(a){x1/src(t1), ..., xn/src(tn)}
tgt is defined similarly where /hs(«) is replaced by rhs(«a)
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Auxiliary Definitions used in Formal Definition of SCPs

two proof terms A and B are compatible if all of the single redexes can be
merged into a joined proof terms, which is then written as A LI B

RP(A) is the list of redex patterns for a proof term A;

(a, p) occurs in RP(A) iff a is applied at position p in step src(A) —— tgt(A);

the list is sorted by position

example TRS {a:a — b, 7 :f(h(x1),x2) = g(x2,¢,x1)}
* A:=f(/(v,a),z)and B := f(f(h(a), @), z) are compatible

AUB =f(3(o,),2)

src(A) = src(B) = src(A U B) = f(f(h(a), a), 2)

RP(A) = [(#,1), (0, 1.1.1)]

a proof term A is empty if length(RP(A)) = 0

a proof term A is a single multistep if length(RP(A)) = 1

non-empty A can be decomposed into single multisteps A =A; LU ... UA,
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Definition (SCPs using Proof Terms [Kirk and Middeldorp])

Let R be some TRS. (A, B) is a SCP of R if all conditions are satisfied for suitable
a1,pP1,-..,53,9,7,...; itrepresents SCP tgt(A) < src(A) = src(B) — tgt(B)

O RP(A) = [(@1,p1), - -, (an,pn)] Withn >0

@ RP(B) = [(5,9)]

©g=corpy=c¢

O OV(A,B)=A  all redexes of A overlap with redex of B

© there are renaming substitutions o, ,...,0, and og
such that all variables of rules a1, ..., ap, 5 are renamed apart

0O ! = Ihs(a1)oa,[lhs(B)oglq

@ 7 is a most general unifier of {lhs(a1)oa, = |p,; - - -, Ihs(an)oa, = 4|p,}
O A=A U...UA, where A; = {1[aj(0q,T)]p, forall L <i<n

O B = (7[B(0p7)]q
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First Problem: Infinitely SCPs

® problem: allowing arbitrary renamings or arbitrary most general unifiers
results in infinitely many SCPs
® solution
® fix a scheme to rename variables of rules (part of existing formalization)
® fix a unification algorithm (minor modification of existing formalization)

Definition (SCPs using Proof Terms)

Let ren be some renaming algorithm and mgu be some unification algorithm. ...

H there are oy, ,...,04, and og for rules a1, ..., an, f computed by ren
T = mgu{lhs(c1)oa, = lp,,-..,lhs(an)oa, = lp,} # L

® consequence for certification
® tools might compute SCPs using
® same problem was already occurring for standard critical pairs
® same solution applies, too: check SCPs in certificates modulo variable names
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Second Problem: OV(A, B) = A condition

e fact: condition OV(A,B) = A is crucial to ensure finiteness of set of SCPs
¢ problem: the definition of OV(A, B) is rather unwieldy

® decompose into single steps A=A, U...UA,
® drop all single steps that do not overlap with B
® join all remaining single steps

® solution: develop characterization of OV(A, B) = A based on positions only

Lemma (Overlap Condition via Positions)

The following two conditions are equivalent in the definition of SCPs.
O OV(A,B)=A
B V1 <i<n.{pip|p € FPos(lhs(a;))} N {gp | p € FPos(lhs(8))} # 0
Here, FPos(t) denotes the set of function-symbol positions of t.
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Definition (SCPs using Proof Terms)

® RP(A) = [(@1,p1), - -, (an,pn)] Withn >0
© RP(B) = [(5.9)]
©g=corpy=c¢
B V1 <i<n. {pip|p € FPos(lhs(a;))} N {ap | p € FPos(lhs(B))} # 0
H there are 0,,,...,04, and og for rules ai, ..., apn, f computed by ren
0O ! = Ihs(a1)oa,[lhs(B)oglq
7 = mgu{lhs(a1)a, = py,- -, Ihs(an)oa, = Lp, } # L
O A=A U...UA, where A; = (1[cj(0a,7)]p, forall L <i< n
© 8 = t7[(os7)]
e circularity problem: given RP(A) and RP(B) one can compute A and B or vice

versa
® solution: algorithm to compute RP(A) and RP(B) without knowing A and B
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Definition (SCPs using Proof Terms, only Case g = )

® RP(A) = [(@1,p1),- - -, (an,pn)] Withn >0

© RP(B) = [(5.¢)]

B V1 <i < n.p; € FPos(lhs(B))

H there are o, ,...,04, and og for rules ai, ..., an, f computed by ren
O (= Ihs(B)og

7 = mgu{lhs(a1)oa, = py;- -, Ihs(n)oa, = Lp, } # L

Naive algorithm
® pick arbitrary g from R
pick distinct and sorted positions p1, ..., p, from FPos(lhs(/3))
pick ai,...,an fromR
compute other values oy,,...,04,,08,¢,7,A1,...,An,A,B
if all conditions are satisfied, generate SCP (A, B)
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Improved Verified Algorithm to Compute SCPs

¢ define auxiliary algorithm rp(t)
* rp(t) computes exactly those lists of redex pairs ps, for which
® there is some proof term A of R such that RP(A) = ps, and
® Y(a, p) € ps. p € FPos(t) A unify-vd(t|p, lhs(a))
® using rp, we show that SCPs with g = € can be computed as follows:
® pick an arbitrary rule g of R and fixqg=¢
® pick an arbitrary non-empty list [(a1, p1),- - ., (an, Pn)] of rp(ths(5))
® compute the remaining values by following Condition H onwards
e algorithm is implemented as function from list of rules (R) to list of pairs of
proof terms (SCPs) — also including case q # ¢
® nice properties of algorithm
® exact: it computes exactly the set of SCP verified

® optimal: it does not produce duplicates verified
® fast: 84 CSI proofs with SCPs are checked in less than 0.1 seconds each
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Definition of Auxiliary Algorithm

e mp(x) =A{[1}
° rp(f(tla B tn)) = <Up51erp(tl),...,psnefp(tn) @1<i<n[(o‘7 i.p) ‘ (avp) S ps,-])
U Ua:é—veR,unify-vd(ﬁ,f(tl,...,tn)) rp-root(f(ty, ..., tn), . £)
© rp'rOOt(t’ «a, E) = Upslerp-sub(t,pl),...,psnerp—sub(t,pn)
[(,€)] © B1<icnl(c pi-p) | (v, p) € psi]
where p1,...,pn, are the variable positions of ¢
* rp-sub(t,p) = rp(t|p), if p € FPos(t), and rp-sub(t, p) = {[]}, otherwise

® note: the actual implementation uses lists instead of sets and & instead of U
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Simultaneous Critical Pairs for Commutation

® one can generalize (strong) confluence to (strong) commutation

/s\t /s\t

strong confluence of —— strong commutation of ——— and ——

® QOkui’s theorem generalized to commutation

® if two TRSs R1 and R, are left-linear and
® for every SCP t; <o - — t, thereisu such thatt; — u <= t;
® then —— and —— strongly commute, and thus, the TRSs R; and R, commute

® methodogy
just replace TRS R by either R1 or R, in existing definitions and lemmas
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Experimental Results

3 new TRSs solved by CSI/CeA (419, 463, 464) no previous certified proof

observation: joinability search in CSl is weak: —— - <o
development of CélA-prover

® based on verified C&A-code
® combined with unverified and unbounded BFS-search of — - <—-—
® semi-decision procedure for strong confluence and strong commutation

® results on COM

e full run 2024: other tools at most 17 YES, union: 22
® CélA-prover on same dataset: 24
® results of CélA-prover on CR on ARI-DB (success in 3 seconds or timeout)
® only —: 66
® only —#: 83
® only —e—: 88
® union: 92
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https://isafor-ceta.uibk.ac.at/experiments/iwc2026/419.proof.full.xml
https://isafor-ceta.uibk.ac.at/experiments/iwc2026/463.proof.full.xml
https://isafor-ceta.uibk.ac.at/experiments/iwc2026/463.proof.full.xml

Summary

verified algorithm to compute SCPs in Isabelle/HOL
® exact: computes precisely the set of SCPs in list representation
® optimal: no duplicates
® fast: less than 0.1 seconds to certify CSI certificates that use SCPs
generalized existing formalization to Okui’'s theorem for commutation
effort
® implementation: 3811 lines of Isabelle ~ two full weeks
® commutation version: trivial changes in existing formalization one morning

new tool: CalA-prover automates strong confluence and strong commutation

Thank you! Questions?
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