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Completion to Strongly Confluent Term Rewriting Systems Introduction

Completion a la Knuth-Bendix: given an equational specification E

obtain a confluent and terminating TRS R whose equational theory Ex
coincides with E. Then, compute with R

This may fail to work. The following equational specification

h(b,x) = c(h(b,b)) (1)
f(f(x)) = b (2)

yields (replace ‘=" by ‘=>') a non-terminating TRS R with a non-joinable
critical pair m2y 1 (2)

(f(b),b) (3)

Hence, R is not confluent

Salvador Lucas and Julia Pagan (UPV) IWC 2026 July 24, 2026 2/17



Completion to Strongly Confluent Term Rewriting Systems Introduction
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Knuth and Bendix completion [KB70] uses a reduction ordering >
(0) Orient s=tin Eass—tifs>tort—sift>s(itis Ry); i:=0.
(1) If CPs of R; are all joinable (WCR holds), then return R;; else,

(2) Non-joinable CPs (s, t) become rules s — tifs>tort —5sift =5
(3) Add the obtained rule (if any!) to R; to obtain R;; and go to (1).

If it suceeds, R = R; is WCR and SN; by Newman's Lemma, CR holds

v

Completion to Strong Confluence: main idea
Replace WCR by SCR; > is not necessary, as SCR = CR holds
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Completion to Strongly Confluent Term Rewriting Systems ST ET37

@ Strong confluence of linear Term Rewriting Systems

® Completion to strong confluence of linear TRSs

© Strong Hp-confluence of left-linear Term Rewriting Systems
@ Completion to strong {p-confluence of left-linear TRSs

® Implementation

@ Conclusions and future work
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A Term Rewriting System (TRS) R is a set of rewrite rules £ — r

R is linear if both £ and r are always linear terms (no variable occurs twice)

Theorem ([Hue80, Lemma 3.2])

A linear TRS R is strongly confluent if for all CPs (s, t), there are terms u
and u' such that the following holds (where s = t ifs — t ors =t)

This condition can be checked as the feasibility of the sequence

* *

st o= x5t o Xt o Xt 5T X J

That is, the existence of a substitution satisfying the rewriting conditions
above (where s is s with variables x replaced by fresh constants cy)
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Algorithm 1: Completion to Linear, Strongly —-Confluent TRSs

Initialization:
i:=0;0ldCPsy:={}, Ro:={l —r | l=r)€EE U EIALE X AVar(r) CVar(£)}

repeat

Ri+1 := R;; oldCPs; 1 := oldCPs;;
for all (s, t) € (CP(R;) — oldCPs;) do

if s is not linear or t is not linear then
| Terminate with output Fail
end
if SJoin((s,t)) =False or SJoin((s, t)) =Maybe then

if s ¢ X AVar(t) C Var(s) then
| Rij1:=Riy1 U {s—th
else
if t ¢ X AVar(s) C Var(t) then
‘ Riy1:=Riy1 U {t — S};
else
| Terminate with output Fail
end
end
end
oldCPs;11 := oldCPs; 1 U {(s, t), (t,s)}
od
i=i+1;
until R, = Ri_1;
output R;;
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Knuth and Bendix completion does not work with the specification E

(VAR x)

(EQUATIONS
h(b,x) = c(h(b,b))
f(£(x)) =b

)

Now, an E-equivalent [Pag25] Strongly Confluent TRS R is obtained:

(VAR x)

(RULES
h(b,x) -> c(h(b,b))
f(f(x)) > b
f(d) > b

)
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Given a TRS R, Hpx is simultaneous rewriting on disjoint redex positions
A TRS R is left-linear if £ is linear for all rules £ — r

Theorem ([Toy88, cf. Corollary 3.2])

Given a left-linear TRS R, 4 is strongly confluent (and hence R is
confluent) if for all critical pairs (s, t) with critical position p,

® ifp=N, then s and t are strongly {}>r-joinable; and
e ifp#N, then s {px t (parallel-closedness).

Again, these conditions can be checked as the feasibility of

stdb u, st = d, th =, 4 (4)

st ! (5)

Algorithm 2

The definition of the corresponding completion to strong 4}-confluence
algorithm is similar to Algorithm 1

o
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Strong }>-confluence of left-linear Term Rewriting Systems
Consider the specification E (cf. [HM11, Example 8], see COPS/113.trs)
f(a,a) = ¢
f(b,x) = f(x,x)
f(x,b) = f(x,x)
a = b
Algorithm 1 does not work, but Algorithm 2 obtains:
(VAR x)
(RULES
f(a,a) -> ¢

f(b,X) -> f(sz)
f(x,b) > f(x,x)

a—>b

f(a,b) -> ¢
f(b,a) -> c
f(b,b) > ¢

)
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Completion to Strongly Confluent Term Rewriting Systems Implementation

Our algorithms, implemented on top of TRS.Tool [Arn13], are here:
http://zenon.dsic.upv.es/trstool/CompSCR.aspx

We use infChecker [GL25] to test feasibility conditions

Benchmarks: COPS search sequences:

Alg. 1: linear non_terminating non_confluent

Alg. 2: 1left_linear non_linear non_terminating non_weakly_orthogonal

Table: Completion to Strong Confluence: Experiments

Added Rules
Alg. Success 0 1 2 3 4 6 8 9 11 12 No Result Fail Total
1 39(33%)0 19 8 5 3 2 1 0 1 0 79 0 118
2 13(271%)1 3 2 2 1 2 0 1 0 1 31 2 46
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We have introduced new procedures for completion to different kind of
strong confluence properties

The experimental evaluation of the approach is encouraging

As far as we know, the idea of completion to strong confluence and its
implementation in CoOMPSCR are novel contributions of this paper.

Future work
@ Improve the implementation

@® Use parallel critical pairs [Gra96] in completion.
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