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Foreword

The 15th International Workshop on Confluence (IWC 2026) is held on July 24, 2026, in Lisbon, Portugal,
co-located with the 11th International Conference on Formal Structures for Computation and Deduction
(FSCD 2026) and the International Joint Conference on Automated Reasoning (IJCAR 2026), as part
of the Federate Logic Conference (FLoC).

Confluence, as a general notion of determinism, is an essential property of rewrite systems and has
emerged as a crucial concept for many applications. However, the confluence property is also relevant
to various further areas of rewriting, such as completion, commutation, termination, modularity, and
complexity. The International Workshop on Confluence was created as a forum to discuss all these
aspects, as well as related topics, implementation issues, and new applications.

IWC 2026 continues this tradition. The present report comprises ten regular submissions, and the
abstract of the invited talk by Jean-Pierre Jouannaud, as well as descriptions of tools participating in
the 15th Confluence Competition (CoCo 2026). The contributions in these proceedings illustrate the
diversity of current research on confluence. They cover topics ranging from critical pair analysis, com-
pletion techniques, reachability analysis and confluence criteria for various rewriting formalisms to the
formalization of confluence results and implementation aspects, highlighting the continued importance
of confluence across a broad spectrum of rewriting formalisms and computational models.

The maturity in confluence research in the last decade resulted in a variety of novel approaches, which
were also implemented in powerful tools that compete in the annual confluence competition. The second
part of this report devoted to CoCo 2026 provides a general overview as well as system descriptions of
all competition entrants.

IWC 2026 was made possible by the commitment of many people who contributed to the submissions,
the preparation and the program of the workshop, as well as the confluence competition. These include
authors of papers and tools, committee members, external reviewers, and the organizers of CoCo, as well
as the local organizers. Their hard work is very much appreciated.

Radl Gutiérrez and René Thiemann Valencia and Innsbruck, 24 July 2026
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Loop Elimination in Process Graphs is Confluent
when Pruning Steps are Added

Clemens Grabmayer

Gran Sasso Science Institute,
L’Aquila, Abruzzo, Italy
clemens.grabmayerQgssi.it

Abstract

Process graphs that are interpretations of ‘1-free’ regular expressions in Milner’s process
semantics for regular expressions have the Loop Existence and Elimination Property (LEE).
Hereby a process graph satisfies LEE if the procedure of loop elimination, in which in every
step a loop subgraph is decoupled by removing its entry transitions and then garbage
collection is performed, terminates in a process graph without an infinite trace. Loop
elimination in finite process graphs is terminating, but typically not confluent.

We explain that loop elimination can be turned into a confluent rewrite system on all
process graphs by adding pruning steps that remove transitions to deadlocking states. For
this purpose we perform a critical-pair like analysis that involves bi-loop subgraphs, and use
the decreasing diagram method. This confluence result has two expedient consequences:
for finite process graphs, LEE can be decided in polynomial time, and a layered version of
LEE (no loops are eliminated from bodies of already eliminated ones) coincides with LEE.

We report on an aspect of work on the process semantics of regular expressions that concerns
a procedure for analysing the structure of process graphs by decomposition. Formalising this
procedure via rewrite relations helped us to clarify the situation. While the confluence result
that we describe here does not require new techniques, it has some tangible consequences.

1 Introduction

Starting from a formalisation of regular (finite-state) processes as u-terms, Milner (1984, [6])
defined an interpretation P of regular expressions e as regular processes P(e). The interpreta-
tions of 0, letters a, sums e + ea, products ey - e, and iterations e* are as follows: P(0) denotes
deadlock, P(a) performs a single action named “a” before terminating successfully, P(e; + es)
chooses to continue as P(e;) or P(es), Ple; - e2) executes Peq), and upon its successful termina-
tion executes P(eq), and P(e*) iterates P(e) (if it terminates successfully) arbitrarily often, but
with the option to terminate successfully before each iteration. For 0* we also use the constant 1
whose interpretation P(1) = P(0*) is the process that immediately terminates successfully. Based
on this interpretation, Milner then defined the process semantics [e]p of a regular expression e
as the bisimilarity equivalence class [P(e)]., of its process interpretation P(e).

Unlike for the language interpretation of regular expressions, in which every language that
is accepted by a finite-state automaton is the interpretation of a regular expression, not every
finite-state process is bisimilar to the process interpretation of a regular expression. There are
finite process graphs that are neither P-expressible (the interpretation of a regular expression)
nor [-Jp-expressible (bisimilar to a P-expressible graph). In order to recognise, and reason
about [-]p-expressible graphs it was therefore desirable to characterise the structure of at least
the P-expressible graphs. For this purpose Fokkink and I formulated the Loop Existence and
Elimination Condition LEE [5], which checks the structure of a process graph by loop-elimina-
tion decomposition steps. These steps remove infinite-trace ‘loop subgraphs’, which correspond
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Figure 1: Three different — i, loop elimination sequences from the process interpretation
G = P(e) of the regular expression e = ((1-a)-(c-a+a-(b+b-a))*)-0. For every —j;,, step the
eliminated loop subchart is indicated by drawing its loop-entry transition(s) in boldface, and
colouring the area within its body. These rewrite sequences end in the normal form graphs G’
and G” neither of which permits an infinite trace. Therefore G = P(e) satisfies LEE. But as G
has two normal forms, —ji,, is not confluent. However, a —p,.une Step can join the — ., fork.
We note that none of the vertices of the graphs above permit immediate successful termination.

to interpretations P(f*) of iterations f* for expressions f that are star-free and normed (i.e.,
P(f) has a trace to successful termination). Loop subgraphs are peeled off from a given graph G
one by one, as long as such steps are possible. If a normal form graph without an infinite trace is
found, then LEE holds for GG, and otherwise it fails. See Fig. 1 for a graph G that satisfies LEE.
It can be shown (see [4]) that LEE characterises process interpretations of ‘under-star-1-free’
regular expressions (with restricted use of iterations within iterations), and that a generalisation
1-LEE [2] for graphs with 1-transitions (for empty steps) characterises process interpretations.
In Sect. 2 we recapitulate the loop-elimination rewrite relation —.;,,,, and the property LEE.
Loop elimination steps can typically be performed in several ways, thereby ‘parsing’ a given
P-expressible graph G differently while intuitively synthesising from G different regular expres-
sions e with P(e) = G or P(e) £ G. Typically — i steps are not confluent, see Fig. 1 for an
example. Here we report that a confluent rewrite system can be obtained by adding —,,une steps
that remove transitions to deadlock states. Such transitions cannot be part of infinite traces
enabled by loop subgraphs, and therefore they do not hinder the applicability of —.ji,, steps.
In Sect. 3 we give an outline for why —cjim and — e steps form a decreasing abstract
rewriting system. For this purpose we focus attention on a lemma concerning — ey, forks.
The decreasing diagram method by van OQostrom [8, 7, 9] and de Bruijn then guarantees that
—relim U —>prune is confluent. Finally in Sect. 4 we describe two significant consequences of this
result. First, that LEE can be decided in polynomial time, and second, that a restriction of
—elim for which only such loop subgraphs are eliminated whose start vertices are not in the body
of previously eliminated loops defines a specialisation LLEE of LEE that is equivalent with LEE.
The exposition here is supplemented in a slightly extended version with appendix including
some more of the proofs, available at https://clegra.github.io/1f/le-conf-IWC-26.pdf.

2 Loop Elimination and Pruning

A (process) graph (with an immediate termination predicate) is a tuple G = (V, A, v, —, |})
that consists of a set V' of vertices, a set A of actions, a start vertex vs € V' (hence V # @), a
(labelled) transition relation — C V x Ax V, and a predicate || C V on the states that indicates
immediate termination. We write v; — vy for a transition (v1, a,v2) € —, and v} for a state
v € |} with immediate termination permitted, as well as v} if v ¢ |}. We say that a vertex v € V
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is start-vertex connected if there is a path from vs to v. We usually assume, with the exception
of the definition of rewrite steps, graphs to be such that all vertices are start-vertex connected.

Let G = (V, A, vs, —,{}) be a graph. We define the result of garbage collection in G based on
the subset ¥ C V of vertices of G that are start-vertex connected as gc(G) := (Vp, A, v5, = N
(Vo x Ax Vo), NVy). Now let v € V. By G4 := gc((V, A,v,—,})) we define the subgraph
of G at v that results from G by changing the start vertex to v, and then performing garbage
collection. Let again v € V', and additionally T' C (v—) := {(v, a, w) | (v, a, w) € =} be a set
of transitions from v in G. We define by G197 := (Vy, A,v,T U (Vo\ {v}) x A x Vp), 4 NVp)
the generated subgraph of G from/until v with respect to T where Vj C V is the set of vertices
on traces in G that start in v, take a transition from 7', and then continue onwards as long as
possible but stop whenever v is reached again.

Definition 2.1 (loop graphs, loop subgraphs, bi-loops). Let G = (V, A, v, —, ) be a graph.
We say that G is a loop (process graph) if it satisfies the following three conditions:

(L1) There is an infinite trace from the start vertex vs of G (denoted by co(vs) and by co(G)).
(L2) Every infinite trace from the start vertex vs of G returns to vs.
(L3) Immediate termination is only permitted at the start vertex of G, i.e. v only if v = vs.

Then we call transitions from vs loop-entry transitions, and the other ones loop-body transitions.
By a loop subgraph of G (where G does not have to be a loop itself) we mean a generated
subgraph G2 of @ from/until v € V with respect to 7' C (v—) such that G|%7 is a loop.
Let v1,vo € V. We say that G is a bi-loop with respect to vy,vs if v = v1 # vg, and G is a
start-vertex connected loop chart that remains a start-vertex connected loop chart if its start
vertex is changed to vg, that is, for each i € {1,2}, G{% = (V, A, v;, —, |}) (note the absence of
garbage collection) is a start-vertex connected loop chart.

Note that for a bi-loop G with respect to vy, vo it holds that G = G|%', vs is reachable from
v1, and vy is reachable from vs, in each of G = GJ%* and G|%2. The following lemma states that
bi-loops can also be defined by three conditions similar to the loop chart conditions (L1)—(L3).

Lemma 2.2. Let B = (V, A v, —,|) be a graph, and let vi,v2 € V be such that v1 # va.

Then B is a bi-loop with respect to v1,vs if and only if the following specialised variant of
the loop conditions (L1)—(L3) hold: (B1) there is an infinite trace from vy, (B2) every infinite
trace from v1 visits vy before it visits v1 again, and every infinite trace from v visits vy before
it visits vo again, (B3) no vertex of B permits immediate termination, i.e. v for allv € V.

For defining decoupling dcpl(G, T') of sets T of transitions from G, and garbage collection
gc(G) in G, we let G = (V, A, vs, —, ) be a graph.

For a subset T'C — of transitions of G, we define the (result of) decoupling of T from G as
the graph depl(G, T) := (V, A, vs, =\ T, {}) that results from G by removing the transitions in 7'.

Definition 2.3 (loop elimination —cjip,, pPruning —prune, union —¢,). We define loop elimina-
tion steps —ciim, and pruning steps —prune between graphs G and G’ as follows:

G —eim G 1= FJv e VIT C (v=)[GLY7 is a loop

(where G = (V, A, v, —, 1)) A G' = gc(depl(G, T))] ,
G —7prune G/ = Jt = <'U7a/, UI> € — I:(’l/-)) =g A Ul»i'
(where G = (V, A, v, —,{})) A G = ge(depl(G, {t})) ] -

By an —j, step we mean an —¢jin, step or a —prune step. We will also use —clim, —prune, and
—rep a8 suggestive notation for an(y) abstract rewriting system (G, —) with G a set of graphs
that is closed under steps —, and with rewrite relation — € {—ciim, > prune, —ep}-
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Figure 2: Prototypical bi-loop example justifying the elementary diagram (in the middle) for
joining an elimination step fork G <—cjimy B —clim G1 in the critical-pair like case of eliminating

loop subgraphs with overlapping cyclic parts. The fork is joined by —ciim steps, and —prune
steps that ‘eat up’ the remaining bi-loop body: G2 —clim Ga21 — prune Go < Brune G112 “elim G1.

Example 2.4. In Fig. 1 we illustrate, for a graph G, three maximal — i, rewrite sequences,
and a —prune step that links the obtained — iy, normal forms. For each — i, step the set T'
of loop-entry transitions that define the decoupled loop subchart is indicated in boldface. Two
—relim Steps from a bi-loop with respect to overlapping loop subgraphs are depicted in Fig. 2.

Proposition 2.5. — .y, s not confluent. (See Fig. 1 for a counterexample to confluence.)

Definition 2.6 (LEE). We say that a process graph G satisfies the loop ezistence and elimi-
nation property LEE, denoted by LEE(G), if G has an —};;, normal form graph that does not
enable an infinite trace. More formally, we stipulate:

LEE(G) = EIGO( ( G %:lim GO 7L>cli1n ) A _‘OO(GO)) .

Lemma 2.7. On finite process graphs, —rc, = —elim U —prune 5 terminating.

3 Loop Elimination with Pruning is Confluent

While the motivation for loop elimination stems from finite process graphs, we prove confluence
of —p, for all process graphs, including infinite ones. In order to obtain confluence of —.;, on
only finite graphs it would suffice to show local confluence of —;, (follows from Lem. 3.2 below),
because Newman's lemma can be applied due to termination of — ., in that case (Lem. 2.7). But
we obtain confluence of —;, on all graphs by showing that —., = —clim U —prune is decreasing,
and by appealing to the Decreasing Diagram Theorem [8, 7]. Only the case of finding elementary
diagrams for —);,,, forks is non-trivial. We formulate that case as Lem. 3.1 below. It bears an
apparent similarity with critical pair lemmas in term rewriting theory. For the crucial case of
eliminating non-root overlapping loop subgraphs we illustrate a typical example in Fig. 2.

Lemma 3.1 (joining —¢jim, forks). Let G +ciim G —elim G1 be a fork of —ciim steps in which
the loop subgraphs G122 and g™ of G are eliminated, respectively.
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elim prune prune
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Figure 3: Elementary diagrams for showing that (G, {—/}refeiim,prunc}), for a set G of graphs
that is closed under —cjim and —prune, is an abstract rewriting system that is decreasing with
respect to precedence order prune < elim. That these elementary diagrams are decreasing is
indicated by the dash-dotted trace relation arrows.

Then this —ciim fork can be joined appropriately with —.une Steps towards a graph Go in
the following three mutually exclusive, and exhaustive situations:

(i) Root-overlap: v1 = va, and both loops are contained in the loop G VT e

steps may overlap in their loop-entry transitions, but the fork can always be joined by

o ) . ) - N -

eliminating residual loop-entries as follows: Go —7j;,, - — Go < rume " < oiim G1-
U1,T1)
£

prune
(ii) Parallel/nested: vy # v, and the start-verter connected cyclic parts O(G and
O(GL2"2) of the loops are vertex-disjoint. Then the — i steps are independent of each
other, except that the elimination of one loop may eliminate the other in the garbage
collection operation. The fork can always be joined as follows: Gy — Go i G-
(iii) Non-root overlap (see Fig. 2): vi # va, the start-vertex connected cyclic parts O(G2™),
and O(G ?’TQ) have common vertices. The two loops together form a bi-loop w.r.t. vy, va.
By removing possibly remaining loop-entries at v after the step G —eiim Ga, and at vq
after the step G —clim G1, and then removing all transitions of the bi-loop with — prune

steps, the fork can always be joined as follows: Go —3, - — Go <= i aim G1-

prune

elim

elim ;rune
Lemma 3.2. —, is (locally) decreasing with respect to the family {— ¢} s felim,pruncy of rewrite
relations, with the precedence order prune < elim.

Proof. In Fig. 3 we illustrate the full set of elementary diagrams for the abstract rewriting
system with the family {—/}/c{clim,prune} Of rewriting relations.

The leftmost elementary diagram follows from the analysis of the three possible, mutually
exclusive cases for —qji, forks in Lem. 3.1. It describes the joining steps in the cases (i) and (iii)
in Lem. 3.1, encompassing the situation in easier case (ii). The second elementary diagram in
Fig. 3 concerning joining <—prune - —elim forks by subcommutation of the two involved steps is
due to the fact that transitions to deadlock states which are removed in —p,une steps cannot be
part of the infinite traces in the cyclic parts of loop subgraphs. The third elementary diagram in
Fig. 3 expresses commutation of — e steps: if the two —,une Steps coincide, then they have
the same targets, which are joined by empty steps; if the steps are different, then they commute.

All of these diagrams are decreasing with respect to the precedence order prune < elim of
reduction labels, as witnessed by the trace relation indicated by arrows in Fig. 3. O

Theorem 3.3. ﬁcp = —relim Y _>prunc 18 conﬂuent.

Proof. From the fact that —.;, is decreasing by Lem. 3.2 it follows by the Decreasing Diagrams
Theorem (see [8, Cor. 3.9], [7, Thm. 14.2.8], [9, Thm. 1]) that —, is confluent. O
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Corollary 3.4. When restricted to finite graphs, —ep = —velim U —prune 15 complete (that is,
—ep confluent and terminating).

Corollary 3.5. Ewvery finite graph has a unique —., normal form graph.

4 Consequences

From confluence of — ., by Thm. 3.3 we obtain the following corollary by utilising basic rewriting
properties of —cjim and — e that are easy to establish: — .. postpones over —jin,, and
—prune Steps preserve as well as reflect —ji, normal forms, and the properties co(-) and —oo(:).

Corollary 4.1. For every finite process graph G the following statements are equivalent:
(i) LEE(G), that is, there is an —cjim normal form of G without an infinite trace.

(i) The (by Cor. 3.5) unique —, normal form of G does not enable an infinite trace.

(111) Every —qiim normal form of G does not enable an infinite trace.

Now Cor. 4.1, (i) < (iii), entails that we can verify LEE(G), for every finite graph G, simply
by constructing an arbitrary — ., rewrite sequence to a normal form Gg, and then confirming
whether —00(Gy) holds; if the test fails, we can conclude =LEE(G). As — .}, rewrite sequences
to normal form and the test are implementable in polynomial time, we obtain the next theorem.

Theorem 4.2. For finite graphs, LEE is decidable in PTIME with the graph size as input size.

For extracting regular expressions e with Pe) £ G from —ji, rewrite sequences that
witness that a graph G satisfies LEE(G) it is expedient to only use ‘layered’ loop elimination
25 lim steps. In such steps, loops are never eliminated from bodies of already eliminated ones.
Defining 2 elim requires history awareness, which can be formalised by vertex-marked versions
°G of graphs G in which the vertices in the body of already eliminated loops are marked.

Definition 4.3 (LLEE). A graph G has the layered loop existence and elimination property
LLEE, denoted by LLEE(G), if G has an 2 olim normal form graph without an infinite trace:

LLEE(G) S El.GU( ( OG g?:lim .GU %clim ) A "OO(.GO)) .
Theorem 4.4. LLEE coincides with LEE.

Proof (Idea). For every sequence °G 3:“‘“ °G1 from an initially unmarked graph °G it holds that
every —elim step from °G; that does not correspond to an 2y elim step gives rise to an 2 elim step
from °G1: the two steps eliminate overlapping loops in the same bi-loop, see Lem. 3.1, (iii). [

5 Conclusion

Three further questions that came up during our work on the confluence of —.,, and its
consequences are the following: (1) While a rough estimate (cf. version with appendix) of the
complexity of deciding LEE according to Thm. 4.2 yields LEE € O(|G|3), there is much room
for improvement. How fast can an algorithm for implementing —.jin,, and deciding LEE be?
(2) We want to analyse systematically how, for a graph G with LEE, any two regular expressions
e1, eo with Ple;) = P(e2) ~ G that can be extracted from two maximal — i, rewrite sequences
from G (see [5, 1, 3]) can be proved equivalent with respect to [-]p. (3) Just as postponement
of 2 lim OVEr —glim 1S closely connected to confluence of —., (Thm. 3.3), we wonder how the
decreasing diagram method (perhaps in its ‘converted’ version by van Oostrom [9]) can best be
adapted in general for showing postponement of a family of rewrite relations over another family.



Loop Elimination in Process Graphs is Confluent when Pruning Steps are Added C. Grabmayer

References

(1]

2]

3]

(4]

(5]

(6]

[7]

(8]

(9]

Clemens Grabmayer. A Coinductive Version of Milner’s Proof System for Regular Expressions
Modulo Bisimilarity. In Fabio Gadducci and Alexandra Silva, editors, 9th Conference on Algebra
and Coalgebra in Computer Science (CALCO 2021), volume 211 of Leibniz International Proceedings
in Informatics (LIPIcs), pages 16:1-16:23, Dagstuhl, Germany, 2021. Schloss Dagstuhl — Leibniz-
Zentrum fiir Informatik. doi:10.4230/LIPIcs.CALCO.2021.16.

Clemens Grabmayer. Milner’s Proof System for Regular Expressions Modulo Bisimilarity is Com-
plete (Crystallization: Near-Collapsing Process Graph Interpretations of Regular Expressions). In
Proceedings of the 37th Annual ACM/IEEE Symposium on Logic in Computer Science, LICS ’22,
pages 1-13, New York, NY, USA, 2022. Association for Computing Machinery. Extended version
as report arXiv:2209.12188 on arxiv.org, September, 2022. doi:10.1145/3531130.3532430.

Clemens Grabmayer. A Coinductive Reformulation of Milner’s Proof System for Regular Expres-
sions Modulo Bisimilarity. Logical Methods in Computer Science, Volume 19, Issue 2, Jun 2023.
URL: https://1lmcs.episciences.org/115619, doi:10.46298/1mcs-19(2:17)2023.

Clemens Grabmayer. Towards a Characterisation of the Graph Structure of Process Interpretations
of Regular Expressions. Extended Abstract for TERMGRAPH 2026 (15th Int. Workshop on Com-
puting with Terms and Graphs), published on the workshop’s webpage http://termgraph.org.
uk/2026, 2026. Also available at https://clegra.github.io/1f/pi-struc-TG-26.pdf.

Clemens Grabmayer and Wan Fokkink. A Complete Proof System for 1-Free Regular Expressions
Modulo Bisimilarity. In Proceedings of the 35th Annual ACM/IEEE Symposium on Logic in Com-
puter Science, LICS 20, page 465-478, New York, NY, USA, 2020. Association for Computing
Machinery. doi:10.1145/3373718.3394744.

Robin Milner. A Complete Inference System for a Class of Regular Behaviours. Journal of Computer
and System Sciences, 28(3):439-466, 1984. doi:10.1016/0022-0000(84)90023-0.

Terese. Term Rewriting Systems. Number 55 in Cambridge Tracts in Theoretical Computer Science.
Cambridge University Press, 2003. doi:10.1017/S095679680400526X.

Vincent van Oostrom. Confluence by Decreasing Diagrams. Theoretical Computer Science,
126(2):259-280, 1994. doi:10.1016/0304-3975(92)00023-K.

Vincent van Oostrom. Confluence by Decreasing Diagrams (Converted). In Andrei Voronkov,
editor, Rewriting Techniques and Applications, pages 306-320, Berlin, Heidelberg, 2008. Springer
Berlin Heidelberg. doi:10.1007/978-3-540-70590-1_21.



Veritying and Generalizing Simultaneous Critical Pairs

René Thiemann

University of Innsbruck, Austria
rene.thiemann@uibk.ac.at

Abstract

Okui proved that simultaneous critical pairs (SCPs) can be used as a sufficient criterion
to ensure confluence of term rewrite systems. His definitions, lemmas and proofs where
reformulated by Kirk and Middeldorp. They heavily utilize proof terms and finally arrive
at a formalized proof of Okui’s result in Isabelle/HOL. However, Kirk and Middeldorp’s
formalization lacks an executable algorithm to compute the set of proof term based SCPs
in a verified way.

In this work, we provide such an algorithm, and we further modify the formalization in
such a way, that SCPs can also be used to show commutation, generalizing the confluence
result. Our results have fully been integrated in the certifier CeTA, that now can deal with
both commutation- and confluence-proofs by SCPs.

1 Introduction

Confluence is an important and well-studied property of term rewrite systems (TRSs). Since
confluence is an undecidable property, several sufficient criteria have been developed, often
using (variants of) critical pairs. For instance, there is van Oostrom’s criterion of development
closedness [9] using critical pairs, there is Toyama’s criterion [8] based on parallel critical pairs,
and there is Okui’s criterion [6] based on simultaneous critical pairs (SCPs).

In previous works the mentioned confluence criteria have been formally verified in Is-
abelle/HOL [5]: Kirk and Middeldorp handled development closedness and Okui’s criterion
[4, 3], and Hirokawa et al. verified Toyama’s criterion [2]. Here, during the formalization some
of the criteria have been generalized from confluence to commutation. In this work, we extend
this line of research in two directions.

o We generalize Okui’s criterion from confluence to commutation, based on the formalization
of Kirk and Middeldorp.

o We develop a verified implementation of SCPs, so that Okui’s criterion can be checked
by our certifier CeTA [7].

Regarding the second contribution, note that Kirk and Middeldorp provide a definition of
SCPs that uses unbounded existential quantifiers, which makes an implementation challenging.

2 Preliminaries

We assume familiarity with term rewriting [1]. Given a binary relation —, we write —* for its
reflexive closure, —= for its reflexive closure, and <« for its inverse. Given two binary relations
—1 and —9, —1 0 =9 denotes the relation composition of —; and —5. Relations —7 and —9
commute if J¢- o0 =5 C —3 o 74, and they strongly commute if ;< 0 —9 C =5 o J<-. Strong
commutation implies commutation. Confluence of — is commutation where —; = —5 = —,
and similarly strong confluence is strong commutation of two identical relations.
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First order terms s,t,¢,r,... € T(F,V) are build over some infinite set of variables
x,Y,%,... € V and some set of function symbols a,b, f,g,... € F, where each f € F has a
fixed arity. We assume that F and V are arbitrary but fixed within this paper. A substitution
o is a function of type V — T (F,V), and we write to for the term that is obtained by replacing
each variable x in term ¢ by o(z). A context C' is a term with exactly one hole, and C[t] is the
term where this hole is replaced by ¢. Let Vars(t) denote the set of variables of term ¢. Given
a term ¢ and a position p within this term, ¢, denotes the subterm of ¢ at position p and t[s],
replaces the subterm at position p by s. For every term ¢, we use the notation FPos(t) for the
set of positions p of ¢ that satisfy ¢[, ¢ V.

A term rewrite system (TRS) R is a set of rules £ — r where £, € T(F,V), Vars({) 2
Vars(r), and £ ¢ V. A TRS R is left-linear if for every rule ¢/ — r € R the term ¢ is
linear, i.e., no variable occurs more than once in ¢. Given a TRS R, its corresponding rewrite
relation is defined as s —g t iff s = C[lo] and t = C[ro] for some rule £ — r € R, some
context C' and substitution . A TRS R is confluent if —% is confluent, and TRSs R and S
commute if - and —s commute. The multistep relation —e>% of a TRS is defined as the
least relation such that x —evg =, f(s1,...,8,) —e>r f(t1,...,t,) whenever s; —e+g t; for
all 4, and lo —e»g rJ whenever £ — r € R and o(z) —e+g () for all x € Vars(f). It is
known that -r C —e+gr C —% for every TRS R. Therefore, strong confluence of —e+z implies
confluence of R. Similarly, strong commutation of —s and —e+%, which is equivalent to strong
commutation of —e+s and —e+g, implies commutation of R and S.

Okui’s criterion demands that a TRS R is left-linear and all SCPs s <e-r o —x t are
joinable in a certain way, i.e., s =% o <e- t. He proved that for such TRSs, —e+x is strongly
confluent and thus, R is confluent. Kirk and Middeldorp formalized this result and gave a
definition of SCPs that is based on proof terms, cf. Definition 2.

A proof term of a TRS R is a term A, B,... € T(FWR,V), i.e., where function symbols
can either be normal function symbols in F or rule symbols «, 3, ... where each rule symbol
represents a rewrite rule £ — r € R. Here, the arity of a rule symbol « is exactly the number of
variables in the corresponding rule. There is a one-to-one correspondence between multisteps
and proof terms, where src and tgt are operations that project rule symbols to their left-hand
sides and right-hand sides, respectively. We say that a proof term is empty, if it does not
contain any rule symbols, i.e., the corresponding multistep does not perform a single rewrite
step. Merging two compatible proof terms is performed with a LI operation, that represents
the union of the the individual rewrite steps. The operation RP(A) provides a distinct list of
redex patterns of a proof term A, where pattern («, p) is part of the list, if rule « is applied at
position p in the step src(A) —e» tgt(A) that is encoded by A. The list is sorted by positions
in ascending order. The function OV (A, B) defines a new proof term that is similar to A,
however, only those redex patterns of A are kept in OV (A, B) that overlap with redexes of B.

Example 1. If R consists of rules « : a — b and B : f(h(x),y) — g(y,c,x), then
f(f(h(a),a),z) —>r f(g(a,c,b),z) and this step is encoded in the proof term A := f(B(«, a), 2),
i.e., src(A) = f(f(h(a),a),z) and tgt(A) = f(g(a,c,b),z). Proof terms A and B :=
f(f(h(a),q),2) are compatible and AU B = f(B(a,a),z) with tgt(AU B) = f(g(b,c,b), 2).
The lists of redex patterns in this example are RP(A) = [(8,1), (e, 1.1.1)] and RP(B) =
[(,1.1.1), (v, 1.2)].  Since (B,1) € RP(A) does not overlap with redexes in B we obtain
RP[OV(A,B)] = [(a,1.1.1)] and OV (A, B) = f(f(h(a),a),z).

The upcoming definition of SCPs is taken literally from Kirk and Middeldorp. Note that our
main interest in this paper is to provide a verified implementation of SCPs. For the question
why SCPs are defined in the way they are, we refer to the motivation given in the original
papers [3, 6].
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Definition 2 (Simultaneous Critical Pairs using Proof Terms [3, Definition 5.2]). Let R be
some TRS. We define SCP(R) as the set of all pairs (A, B) of proof terms A and B of R that
satisfy the following conditions for suitable values of a1, p1,B,p, T, .-

1. RP(A) = [(a1,p1), .- (n, pn)]
RP(B) = [(8,q)]
g=corp=¢

OV(A,B)=A

there are renaming substitutions o,,...,0q, ond og such that all variables of rules
Qai, ..., Qn, 3 are renamed apart

6. L =lhs(cn)oq, [lhs(B)ogly

T is a most general unifier of {Ihs(a1)ow, = Llp, ;- .., hs(an)on, =1

7. pn}
8 A=|]", A; where A; = (1][c;(00,T)|p; forall1 <i<n
9

. B=1{1]B(0aT)],

Here, lhs(a) returns the left-hand side of a rule symbol ov. The conditions in particular enforce
n > 1, so proof term A must be non-empty.

Theorem 3 (Okui’s Criterion using Proof Terms [3, Listing 3]). If R is left-linear and
tgt(A) =% o «e-g tgt(B) for all (A,B) € SCP(R), then —esg is strongly confluent and
thus, R is confluent.

3 From Confluence to Commutation

Our first aim is to try to generalize Definition 2 and Theorem 3 to commutation. Basically, an
SCP (A4, B) encodes the critical peak tgt(A) <o src(A) = sre(B) —x tgt(B). In order to
generalize this setting to commutation, we just have replace one of the TRSs in the peak by
another TRS S:

tgt(A) po src(A) = sre(B) —s tgt(B).

To accommodate for this change we just have to generalize the definition of SCP(R) to be
based on two TRSs.

Definition 4 (SCPs for commutation of R and S). We define SCP(R,S) in the same way as
SCP(R) in Definition 2 with the only exception that instead of requiring that both A and B are
proof terms of R, we now demand that A is a proof term of R and B is a proof term of S.

Theorem 5 (Okui’s Criterion for Commutation). If R and S are left-linear and tgt(A) —%
o p¢o- tgt(B) for all (A, B) € SCP(R,S), then —s and —e+g strongly commute and thus, R
and S commute.

In order to arrive at this new theorem, we heavily used the existing formalization: It just
took two hours to replace each occurrence ofR by either R or S in the existing formalization,

10
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i.e., we needed to make these replacement in every intermediate definition, every lemma and in
every proof. The property that we made the correct replacements, and that every generalized
statement is still provable was automatically checked by Isabelle: we did not encounter a single
problem during the generalization process.

First note that Theorem 5 can easily be extended to show that joinability of SCPs actually
characterizes strong commutation of —e»s and —e+x. The reason is that one direction is
immediate: since every SCP (A, B) encodes a peak tgt(A) <o o —o>s tgt(B), all these peaks
are joinable in the desired form, provided that —e+s and —e+x strongly commute.

Corollary 6 (Strong Confluence and Strong Commutation via Simultaneous Critical Pairs).
Let R and S be left-linear TRSs.

o The relations —e+s and —e+g strongly commute if and only if tgt(A) =% o <o tgt(B)
for all (A, B) € SCP(R,S).

o The relation —e>g is strongly confluent if and only if tgt(A) —% o <o tgt(B) for all
(A,B) € SCP(R,R).

As a consequence of the corollary, we see that joinability of simultaneous critical pairs sub-
sumes every criterion for left-linear TRSs that proves strong confluence (or strong commutation)
of the multistep relation(s), e.g., the criterion of development closedness.

Further note that Theorem 5 is not symmetric, i.e., when actually trying to prove commu-
tation of R and S, one should try to apply Theorem 5 for R and S as stated, but also in the
setting where the roles of R and S are swapped.

Finally note that for Okui’s confluence criterion it is not known whether one can restrict
Definition 2 in such a way that the single step is always at the root position (as it is done for
parallel critical pairs), i.e., replace the disjunction ¢ = ¢V p; = € in Condition 3 just by ¢ = e.
At least for commutation, we show that such a modification is not possible.

Example 7. Let R = {a: f(a) = b} and S = {5 : a — ¢}. These TRSs do not commute since
b fla) =s f(c), and b and f(c) are not joinable.

If however we replace Condition 3 by q = €, then SCP(R,S) must be empty. Otherwise,
there would be some (A, B) € SCP(R,S). But this implies that B must be B3, i.e., src(A) =
src(B) = a, and hence A must be an empty proof term, violating the conditions in Definition 4.
But if SCP(R,S) = () with the modification, it shows that Theorem 5 becomes unsound.

4 Implementing Simultaneous Critical Pairs

Our main aim was to be able to use the existing formalization for enabling support of Okui’s
criterion in CeTA. To this end, two tasks have to be solved: first, one needs a verified algorithm
that actually computes SCP(R) (or SCP(R,S) for commutation), and second one needs to
check the joining sequences that are provided by automated confluence and commutation tools.
Checking left-linearity of R and S is trivial.

For the second task, all the machinery is already included in CelA, i.e., tools just need to
output for each simultaneous critical pair (s,t) a joining sequence of terms s —e» u; —e» ug —o%
... —o> u, <o t, so that s —»* u,, <o t can be concluded. Here, CelA takes care of mismatches
in names of variables in SCPs, e.g., by using different renaming substitutions, etc. Moreover,
trivial critical pairs (¢,t) can be omitted in certificates, too.

Hence, it remains to solve the first task, an implementation of Definition 2 (or the more
general Definition 4) for finite TRSs. For presentation reasons we only speak about Definition 2
in the sequel, though the formalization covers Definition 4.

11
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The first step we performed, is to actually change Definition 2, so that SCP(R) becomes
finite for finite TRSs. Definition 2 has the problem that there are infinitely many possible SCPs
which just differ by a variable renaming. The problem is that with the existential quantifier one
has to consider all renaming substitutions, and also every most general unifier 7. This problem
is already partially solved in the Isabelle theories: there, the renaming substitutions are not
arbitrary, but they are uniquely computed by some renaming algorithm, and this renaming
algorithm is a parameter of the SCP definition. To deal with unifiers, we changed Condition 7
in a way that also the most general unifier 7 is not an arbitrary one, but it is the single unifier
that one gets from a fixed unification algorithm. Fortunately, this change did not require any
big adjustments in the formal proof of Theorem 5.

Note that it is not immediately clear how to resolve the remaining existential quantifiers
in Definition 2. For instance, A is defined via A; where A; can be computed only if (cy, p;) is
known (Condition 8), and («;, p;) is obtained from A (Condition 1). In order to break this cyclic
dependence, we show that for finite TRSs there are only finitely many possibilities to choose
the values of «; and p;. To this end, we use an alternative characterization of Condition 4 based
on positions: condition OV (A4, B) = A is equivalent to

VI <i<mn. {pip|p€ FPos(lhs(:))} N{ap | p € FPos(lhs(B))} # 0.

Using this equivalence it will be possible to enumerate all possible redex patterns in Conditions 1
and 2 without knowing A and B.

Let us consider the easier case ¢ = ¢ first. Here, Condition 2 can be simplified to g = A S €
R, so an enumeration over all finitely many rules of R is possible to cover all possibilities to
choose ¢ and . Since ¢ = ¢, condition OV (A, B) = A simplifies further to

V1 < i <n.p; € FPos(lhs(B)).

Hence, also for RP(A) there are only finitely many possibilities, since the positions are taken
from a finite set and there are only finitely many rule symbols. Instead of blindly enumerating
all these possibilities, we use the following algorithm rp that takes a term ¢ as input and
returns a set of lists of redex patterns, namely those lists that correspond to proof terms where
all redex patterns overlap with function positions of ¢t. Here, & denotes list concatenation and
unify-vd(s,t) denotes that s and ¢ unify after making the variables of these terms disjoint.

o mp(x) = {[}

b rp(f(th ce 7tn)) = (Up51Erp(tl),...,psnETp(tn) @1§z§n[(57 Zp) | (57p) € psl])
U Ua:Z—M'ER,unify—vd(é,f(tl,...,tn)) Tp—TOOt(f(tl’ s 7tn)’ «, E)

b TP'TOOt(ta a, [) = Up31Erp—sub(t,pl),...,psnerp—sub(t,pn)[(av 6)] ®®1§i§n[(avpi'p) ‘ (a,p) € psi]
where p1, ..., p, are the variable positions of ¢

o rp-sub(t,p) = rp(t]p), if p € FPos(t), and rp-sub(t,p) = {[]}, otherwise

In the equation for rp(f(t1,...,t,)) on the left of the U-operation we compute the redex patterns
for those multisteps that do not perform a root step, and on the right of the U-operation are
those redex patterns that include a root step. Here, the unification condition restricts the set
of potential rules. For the root step itself, in rp-root we insert the redex pattern («,¢) for the
root step at the front of the list, and then gather further redex patterns that are below variable
positions of the left-hand side ¢. Note that the case analysis in the definition of rp-sub(t, p) is
essential, since p is a variable position of ¢, and this is not necessarily a position of ¢.

The algorithm 7p and its auxiliary algorithms terminate, and it is characterized as follows.

12
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Theorem 8 (Soundness of rp). Let R be left-linear. For every list ps and term t the following
two statements are equivalent.

o ps € rp(t).
e There is some proof term A of R such that
RP(A) = ps A (Y(a,p) € ps. p € FPos(t) A unify-vd(t|,, lhs(a)).

With the help of Theorem 8 we proved that SCPs with ¢ = € can be computed as follows:
e Pick every rule symbol g of R and fix ¢ = ¢.
e Pick every non-empty list [(a1,p1), ..., (an, pn)] of rp(lhs(8)).
e Compute the remaining objects of Definition 2 following Condition 5 onwards.

For the case q # ¢ we perform the following steps to compute the SCPs, again based on rp.
e Pick every rule oy : £1 = r; € R and fix p; = €.
e Pick every q € FPos(¢;) satisfying q # «.
o Pick every rule § € R such that unify-vd(lhs(5),1]q).

o For each ¢; from variable positions ¢o, ..., g of aq, pick every g¢s; from rp(lhs(B)|,) and
define ps; = [(v,q:p") | (v,p) € gsi] if ¢; = gp and p € FPos(lhs(B)) for some p, and
define ps; = [], otherwise.

E
Define (a2, p2), ..., (an,pn) such that [(ag,p2), ..., (an,pn)] = B,_, vsi.
e Compute the remaining objects of Definition 2 following Condition 5 onwards.

The function sim_cp_impl of the IsaFoR library implements all these steps (using lists instead
of sets) in the general case of Definition 4, and we verify that it exactly computes SCP(R,S).
Moreover, the implementation is optimal in the sense that whenever the list representations of
R and S are distinct, then so is sim_cp_impl(R,S). In particular, no critical pair is computed
twice, since the implementation does not perform any explicit elimination of duplicates. We
further tuned the implementation in a way that certain elements are precomputed, e.g., the
variable positions of each left-hand side are only computed once.

We also integrated certificate generation for Okui’s criterion in CSI [10], and because of
our efforts, CSI is now able to produce certified proofs for three TRSs from the ARI-COPS
database (# 419, # 463, and # 464), where prior to this work no certified proof was known.
The generated proofs are verified by CelA in a fraction of a second.

Both the formalization and the certified confluence proofs for the three TRSs are available
on the following website. The website further includes links to the formalized definitions and
theorems of this paper.

https://isafor-ceta.uibk.ac.at/experiments/iwc2026/
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Abstract

We generalize the confluence result for orthogonal higher-order pattern rewrite sys-
tems to higher-order rewrite systems whose left hand sides consist of Yokoyama et al.’s
deterministic higher-order patterns.

1 Introduction

Nipkow’s higher-order rewriting systems (HRSs) [11] are popular in higher-order confluence re-
search [4,7,13]. In particular, the restriction of the rules’ left-hand sides to Miller’s patterns [8]
has proven to be very useful: The corresponding class of higher-order pattern rewrite systems
(PRSs) exhibits a definition of critical pairs which behaves much like its first-order counter-
part. For example, confluence of finite and terminating PRSs is decidable and orthogonal PRSs
are confluent [7]. Recently, we introduced deterministic higher-order pattern rewrite systems
(DPRSs) [9], a subclass of HRSs which generalizes PRSs by allowing Yokoyama et al.’s deter-
ministic higher-order patterns (DHPs) [15] as left-hand sides of rules. In contrast to first-order
term rewrite systems and PRSs, we also have to consider overlaps at variable positions for
DPRSs. In this paper, we improve our initial definition of critical pairs of DPRSs given in [9].
This allows us to extend the confluence result for orthogonal PRSs to DPRSs.

2 Preliminaries

For a binary relation denoted by — we write <— and —* for its inverse and transitive-reflexive
closure, respectively. Throughout this text, we will denote a sequence aq,...,a, by @, where
n > 0 and the corresponding set by {@,}. For every a, @y represents the empty sequence which
we denote by (). We implicitly enclose sequences in parentheses whenever it is necessary. For a
binary relation R, @, R b, abbreviates a; R by,...,a, R b,. Similarly, for a (postfix) function
f, f(@@,) (@nf) denotes the pointwise application of f to @,. Given two sequences @, and b,,,
their concatenation is written as a.,, [

In this paper, we consider Nipkow’s HRSs [7] which use simply-typed A-terms in Sn-long
normal form [2,3]. Instead of viewing HRSs as rewrite systems modulo 87, we follow another
tradition in higher-order rewriting where terms stay in their canonical form at all times due to
the usage of hereditary substitution application [4,6]. Let S be a set of sorts (a, b).! The set T
of types (o, 7) is defined as follows: S C T and if 01,...,0, € T and a € S thenG,, > a €T
where we identify () — a with a. Suppose there is an infinite set V of typed variables (z, y, z,
w) and a set F of typed function symbols (f, g) called signature, such that V, F, S and {—}
are pairwise disjoint and there are infinitely many variables of each type. A head h is either

1This means that in the remainder, a and b are used exclusively to represent arbitrary sorts. We will continue
to define naming conventions in this fashion.
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a function symbol or a variable and we write h : o to denote that it has type o. In order to
keep the notation concise, we drop the symbol A in abstractions. The following inference rule
defines the set Term(F,V, o) of terms (s, t, u, v) of type o

h:G,—=acFUV t,¢cTerm(F,V,5,) Tp:7p € VF
Ty h(t,) € Term(F,V, T — a)

where we use Term(F,V,7,,) as a shorthand for the set Term(F,V,01) x - -+ x Term(F,V, 0y,).
We abbreviate h() by h, ().s by s and follow the convention that postfix operations <) bind
stronger than binders in terms, so T, .t = Tp.(¢). The set Term(F,V,S) denotes the set of
all terms which coincides with the set of well-typed A-terms over F and V using sorts from S in
Bn-long normal form. As for function symbols and variables, we denote that a term s has type
o by s: 0. Given a term s, its set of free variables FV(s) is defined as usual. For a sequence of
terms 3, we use FV(3,,) as a shorthand for (J{FV(s;) | 1 <i < n}. A term is linear if no free
variable occurs more than once in it. Terms are uniquely defined up to the renaming of bound
variables (a-renaming). Note that V C Term(F,V,S) does not hold as higher-order variables
are not in canonical form. The function 1 takes a variable and returns the corresponding term
zt =79,.2(y,1) where z : 7, = a, 7, : 7, and = ¢ {7, }.

We refer to strings over N as positions (p, ¢, 7). The empty string, denoted by €, represents
the root position. We write pq for the concatenation of two positions p and gand p < g ifpisa
prefix of ¢, i.e., there exists a position r such that pr = ¢. In that case, we say that p is above
q and q is below p. If neither p < g nor g < p then p and ¢ are parallel, written p || g. The set
Pos(s) of positions of a term s is defined inductively as follows: Pos(Zy.h(5,)) = {e} U {ip |
1 <i<nandpée Pos(s;)}. Given a position p € Pos(s), s|, denotes the subterm at position
p where s|¢ = s and (Tx.h(3,))]ip = Tk-Silp. In particular, the scope of bound variables is
not discarded, so the definition of subterms is well-defined in the presence of a-renaming. If
slp = Tp.t we refer to T, as bv(s,p). Furthermore, we use s > ¢ to denote that ¢ is a subterm
of s and define s > ¢t as s > ¢t and s # t. A position p € Pos(s) is called functional (denoted by
p € Posz(s)) if the head of s|, is a function symbol. Given p € Pos(s) and a term Z,,.t of the
same type as s|, = T,,.u we define s[Z,.t], as the result of replacing u by ¢ in s.

Finite mappings from variables to terms of the same type are called substitutions (6,7, d,
u). Given a substitution § = {z,, — t,}, its domain and image are defined as Dom(0) = {Z, }
and Zm(#) = {t,}, respectively. The free variables introduced by a substitution 6 are defined
as the set FV(0) = [J{FV(t) | t € Zm(0)}. A set of variables X is fresh for a substitution 6 if
(Dom(A) UFV(A)) N X = @. Given a substitution # and a set of variables V', we denote by 6|y
the restriction of 6 to variables in V. The application of a substitution 6 to a term ¢ (written in
postfix notation ¢) is defined hereditarily by implicitly performing S-reduction [6,14]: z(t,)0 =
W Ty = a0} if 2= Tpou € 0, h(t,)0 = h(t,0) if h ¢ Dom(0), and (T,.t)0 = 7,,.t{Tn — T, }0
where {7, } is fresh for 6. Hence, tf represents the capture-avoiding application of 6 to the
free variables of t. Given 6 = {Z,, — 5,} and § = {7,,, = tm}, we define their composition as
06 = {T, = 5,0} U{y; = t; |1 <j<mandy; & {T,}}. Aterm s matchesatermt (s <gt)if
there exists a substitution 6 such that s§ = ¢t. In that case, t is called an instance of s. Moreover,
if s6 = tf then 6 is a unifier of s and t. Let W be a set of variables. Two substitutions 6
and 6y are equal over W (01 = 02 [W)) if 01(x) = 02(z) for all z € W. A substitution 6 is at
least as general as a substitution 0 with respect to W, denoted by 6 <g ¢ [W], if there exists
a substitution 7 such that 8y = § [W]. We drop the suffix [W] if W is the set of all variables.
Two substitutions 6; and s are orthogonal (61 L 65) if there is no substitution v such that
61 <3 7 and 03 <z 7. Finally, given a binary relation R, 6; R 0y denotes 0;(z) R 6(x) for all
T eV
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A wariable renaming is a bijective function from V to V. Given a term s, a sequence of
variables T,, and a set of variables W we define the Z,-lifter of s away from W to be the
substitution {z — 7,,.0(2)(Tn,Y,,) | 2 : T — a € FV(s) } where p is a variable renaming such
that Dom(p) = FV(s), Zm(p) N (W U{Z,}) = 2, p(2) : (Cn,Tm) = @, Uy, : T and Ty, : Ty
Lifters will be needed to transform terms in potential overlaps into a form which is amenable
to analysis with higher-order unification [7].

A rule £ — r consists of two terms of the same sort where FV(r) C FV(¢) and the head of ¢
is not a variable. A rule £ — r is left-linear if £ is linear. Furthermore, two rules £; — r1 and
f5 — ro are variants if there exist substitutions 61, 0 such that 10, = f5, 1101 = ra, 205 = {1
and rofy = 1. A (left-linear) higher-order rewrite system (HRS) is a set of (left-linear) rules.
Given an HRS R, its rewrite relation —5 is defined as follows: There is a rewrite step s = t
if there exist a rule £ =~ r € R, a substitution # and a position p € Pos(s) such that s|, = T,.00
and t = s[T,,.76],. In that case, we refer to s as a redez. Sometimes, we make the position p (as
well as the rule £ — r and substitution 6) explicit by writing s —% ¢ (s —%e_w o t). Finally,
we say that an HRS is confluent if < - =% C =% - g+

3 Deterministic Higher-Order Pattern Rewrite Systems

We now give a definition of deterministic higher-order patterns [15] for our notion of terms.
To that end, we introduce the notion of expanded terms to represent the simply-typed A-terms
whose 7-normal form is not an abstraction. For these terms, the expanded subterm relation
corresponds to the higher-order subterm relation.

Definition 1. A term Z,.s is ezpanded if Z,,.s = Ty, Yj,-h(Sm, Jj, 1) such that ({A}UFV(5,,)) N
{7} = @. Consider a term T,.s as well as an expanded term Z,.t = Ty, §j,-h(tm, 7, T). We say
that T,,.t is an ezpanded subterm of T,,.s (Tp,.s e Tp.t) if there exist n’ > n and k terms written
as Tns b1y« -+ Tns -tk such that T,.s > Ty A(tik). We write Tp,.8 e Tyt if Tpp.s De Tpot
and Tp,.s # Tp.t.

Definition 2. A term s is a deterministic higher-order pattern (DHP) if the following conditions
hold for all subterms 3,,.z(¢,,) with z ¢ {y,,} and 1 <i < m: @ #FV() C {7, }, ¥,,-t; is an
expanded term, and ,,.t; e ,,.t; whenever i # j. We refer to the terms %, as anchors of the
DHP. A deterministic higher-order pattern rewrite rule is a rewrite rule whose left-hand side is
a DHP. A deterministic higher-order pattern rewrite system (DPRS) is a set of deterministic
higher-order pattern rewrite rules.

Example 1. Consider the sort a, the function symbols f : a — a, c : a as well as the vari-
ables F' : (a,a) — a and G : (a,a — a) — a. The terms z,y.F(y,z), z,y.F(f(x),f(y)) and
z,y.F(z(y),z(c)) are DHPs. Note that only the first term also belongs to Miller’s class of pat-
terns [8]. On the other hand, x,y.F(c,z), x,y.G(y, z.2(2,¢)), x,y.F(x,x), z,y.F(f(z),z) and
x.G(x(y), z.2(z)) are not DHPs.

4 Critical Pairs

The crucial ingredient of any definition of critical pairs is a corresponding unification proce-
dure. In [10], we present a sound and complete unification procedure for DHPs which produces
minimal complete sets of unifiers.
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Definition 3. A minimal complete set of unifiers U of two DHPs s and t satisfies the following
conditions: Dom(#) C FV(s) UFV(¢) for all § € U, s = t0 for all 0 € U, if s = tJ then
0 <g 0 [FV(s) UFV(t)] for some 0 € U, if 01,0, € U and 6, # 0, then 6; L 05.

The following definition of overlaps considers both function and variable positions but is
designed such that it produces at most one critical peak per unifier in the minimal complete
set of unifiers.

Definition 4. An overlap of a DPRS R is an octuple (¢1 — r1,p,¢,Tn,0,7,U,la — 13)
satisfying the following properties:

(i El —>T1,€2 — Ty ER,
(ii

(iii

)
) p € Pos({s), bv({2,p) =T, and § is an T,-lifter of £; away from FV({3),
) U’ # @ is a minimal complete set of unifiers of Z,,.¢16 and £27|pq,

(iv) either (a) ¢ =€, v =@, p € Posg({2) and U = U’, or (b) ¢ =1 and

o ls|p =Tn.y(5m) where y ¢ {T,},

ey ={y = Uy @G It} with ¢ : &, — b and y” : (b,7,) — a fresh
variables assuming y : 6, — a and {7 : b,

e U = U’ \ U” such that U” is the set of all § € U’ for which at least one of the
following holds:

—0(y') =Zm.2zit for some 1 <i<m
— Zm-l1 <5 0(y') whenever {Z,,} NFV({;) = &,
(v) if p =€ then ¢; — 71 and ¢o — 79 are not variants.

For each 6 € U we obtain the critical peak
00[(T710)0)pg P11 T e Loy O](T £16)0]pg = L2v8 —S2 77 rpn0

which gives rise to the critical pair loY0[(Zy.710)0],q ~ 1270 of R. The set of critical pairs of
R is denoted by CP(R).

We close this section with an important result on the existence of unifiers:

Lemma 1. Consider the terms s and t as well as the position p € Pos(t). Let bv(t,p) = Z,, and
§ be an Ty -lifter of s away from FV(t). If there exist substitutions 61, 62 such that T,,.s01 = t|,02
then Z,,.s0 and t|, are unifiable.

5 Orthogonal DPRSs are Confluent

Our definition of orthogonal DPRSs corresponds to the standard syntactic definition via left-
linearity and absence of critical pairs [1,7].

Definition 5. A DPRS R is non-ambiguous if CP(R) = @. We call a DPRS orthogonal if it
is both left-linear and non-ambiguous.
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We prove confluence of orthogonal DPRSs by establishing the diamond property (« - — C
— - <) of their multi-step relation which lies between one-step and many-step rewriting. This
general approach is often used to obtain confluence of orthogonal rewrite systems [7,12].

Definition 6. Let R be an HRS. We define the multi-step relation -+ inductively as follows:
(1) fkh(gn) >R fkh(%n) if Ty.8; =>r Tp.t; for all 1 <7 < n, and
(i) TplO ->r Tprd if £ — r € R, Dom(#) C FV(¢) and 6 -5 6.

This inductive definition of multi-steps is based on [5]. Even though Mayr and Nipkow use
a different presentation of multi-steps, the following result can be obtained by adapting their
proof accordingly [7].

Lemma 2. For every HRS R, = C =+ C —%.

For orthogonal DPRSs R, we will obtain the diamond property for -+ via the triangle
property [12] of -+ with respect to the following restriction of 5.

Definition 7. Let R be an HRS. We define the mazimal multi-step relation -e+x inductively
as follows:

(i) Tk-h(5,) >R Tk.h(t,) if T.s; >r Tk.t; for all 1 <i < n and h(S,) is not a redex, and
(ii) T l0 >R Tp.rd if £ = r € R, Dom(f) C FV(¢) and 6 -+ 0.

We now proceed by establishing coherence. In the following, we say that an element a € A
is terminal in a binary relation R C A x A if a R b implies b = a. First, we show coherence of
terminal anchors in redexes: A step with -+ starting from a term containing terminal anchors
can also be performed when one abstracts away from these terminal anchors.

Lemma 3. Let R be an orthogonal DPRS, ¢ > T, . F(5,,) for some { — r € R and let Ty.s; be
terminal in ->g for all1 <i < n. If Tp.u{y, — 3.} >R Tk.t then there is a term Y,.v such
that §,,.u >R G,.v and T.t = Tp.v{7Y,, — Sn}-

In the proof of Lemma 3, we exploit the following: Since R is non-ambiguous, there cannot
be an overlap between Tj.F(5,) and the left-hand side used in the multi-step Zp.u{7, —
S} >R Ty.t. Hence, even if Tp.F(5,) and the left-hand side are unifiable, all their unifiers
satisfy at least one of the conditions given for the set U” in Definition 4. The former case is
easily resolved since anchors are terminal. In the latter case, the multi-step can be performed
without altering the anchors by definition. We can now prove the general case of coherence for
orthogonal DPRSs.

Lemma 4. Let R be an orthogonal DPRS, ¢ — r € R and £ 1> s. If s§ > t then there exists
a substitution 0 such that s0 =t and 0|py(s) <z 0.

Proof. By assumption, s = Ty.h(3,) is a linear term. Furthermore, {Z} is fresh for § without
loss of generality. We perform induction on s and distinguish two cases.

o Assume h ¢ Dom(f). If s§ —->g ¢ (i) then t = Ty.h(t,) and (Ty.s;)0 -->r Tg.t; for
all 1 < 7 < n. By the induction hypothesis, there exist substitutions &, such that
Zpt; = (Tk-5:)0; and Olpy(z, .s,) =+r 0; for all 1 < i < n. Without loss of generality,
{Z} is fresh for §; for all 1 < i < n. Since s is linear, the substitution § = |JI_, §; is
well-defined and satisfies 0|py(s) <+ 0. Finally, s0 = T4.h(5,0) = Ty.h(t,) = t. Now
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suppose s —3x t (ii), so there exist a rewrite rule ¢ — r’ € R and a substitution 6’
such that s¢ = Ty.£’0’". In particular, h € F. Let p be the position such that ¢|, = s. By
Lemma 1, T, .¢'p and s are unifiable where p is a Tg-lifter of ¢ away from FV(¢). Let U
be a complete set of unifiers of Z,, ¢’y and s. Then, (¢’ — ', p, €, T, u, d, U, L — r) is an
overlap in R which contradicts the fact that orthogonal DPRSs are non-ambiguous.

o Let (h) =7, u =7, -hy(Tnm), so s6 = Tp.u{7y,, — S,}. In particular, FV(s) = {h} as ¢
and therefore s is a DHP. Thus, the induction hypothesis yields that Ty.s; is terminal in
o3> for all 1 < ¢ < n. From Lemma 3, we obtain a term ¥,,.v such that 7,,.u <>z ¥,,.v
and t = T.v{7,, — Sn}. Hence, we can define § = {h — 7,,.v} to obtain sé = Zy.v{7y,, —
Spt =t and 0(h) =»g J(h) as desired. O

Observe that in the proof of Lemma 4, the fact that anchors are terminal is a direct conse-
quence of the induction hypothesis. This assumption greatly simplifies the proof of Lemma 3.
Having established coherence for orthogonal DPRSs, we can now just replay the proof of the
triangle property for PRSs adapted to our presentation of multi-steps [7].

Lemma 5. For every orthogonal DPRS R, if s -»r t then t -»>g u for the term u that
satisfies s - u.

The diamond property is a direct consequence of the triangle property [12].
Corollary 1. Multi-step rewriting has the diamond property for orthogonal DPRSs.
Theorem 1. Orthogonal DPRSs are confluent.

Proof. Let R be an orthogonal DPRS. Since -e+% has the diamond property (Corollary 1) and
— C -3 € —* (Lemma 2), we conclude confluence of R by standard results for abstract
rewriting, e.g. [1, Corollary 2.7.7]. O

Example 2. The left-linear DPRS R consisting of the rules

sum(nil) — 0
sum(cons(x, xs)) — x + sum(zs)
comp(zz.sum(z3), zo.foldry (21, 22.G (21, 22), xS, 20), ys) — check(z1, zo.5um(G(z1, 22)), 8, ys)
check(z1, z2.F (21, sum(z2)), xs,ys) — foldra(z1, 220.F (21, 22),sum(xs), ys)
from(x) — cons(x, from(s(x)))
models a basic fusion transformation rule for folds in functional programming together with a
rule to construct infinite lists [¢,7+ 1,...]. Here, we denote function symbols by sans-serif font
and omit type information for brevity. In particular, R uses the expressivity of DHPs in order
to neatly model transformations of compositions of a fold and the sum function to just one fold
combining the two operations:
zp.comp(z1.sum(zy), z1.foldry (22, z3.cons(ze X 23, 23), nil, 21), 20)
—w 2o-check(z1, zo.sum(cons(z; X 21, 22)), nil, 29)

(21

—r zo.check(z1, 22.21 X 21 + sum(z2)), nil, 29)

—r zo.foldra(z1, 22.21 X 21 + 22, sum(nil), zo)
(

— g zo-foldra(z1, 22.21 X 21 + 22,0, 20)

Clearly, R is not terminating. However, it is non-ambiguous, so R is orthogonal and therefore
confluent by Theorem 1.
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Abstract
We show that for the (untyped) bang-calculus 3! is confluent modulo o.

Introduction. The bang-calculus [8, 10, 11] is an untyped version of the implicative fragment
of the call-by-push-value calculus [16], which is typed. The calculi share that they subsume the
call-by-name and call-by-value paradigms. For definiteness we recall the calculus studied here
in Tab. 1. However, so as to be able to instantiate higher-order term rewriting theory [18, 25],
we will exclusively employ its presentation as a higher-order pattern rewrite system' (PRS).
The simply-typed signature of the PRS presentation has a base-type term and function symbols:

abs : (term — term) — term app : term — term — term bang : term — term

It extends the PRS signature of the (untyped) A-calculus [18, Ex. 3.4][25, Ex. 11.2.6(i)] with
the bang. We ad(a/o)pt standard notational conventions of the A-calculus [4, 25] abbreviating
abs (z.M) to Ax.M, app M N to M N and bang M to !M. Tts 8!- and o-rewrite rules then read:

gl o (Ax.S(@)!T — S(T) o1+ (Ae.S@)TV = Az.S@) V)T
o2+ (AxyS'(x,y)T = dy.(A\x.S(x,y)) T o3+ V((Qx.8x)T)— AV S(x))T

Remark. Tab. 1 employs a grammar instead of a signature, rule schemata instead of rules, and
deals with renaming and substitution explicitly (it has to) instead of absorbing those, in PRSs.
We will heavily rely on that PRSs are preserved under various syntactic transformations such
as coloring (see below), so we still have PRS theory [18, 25] and PRS tools' at our avail. This
is to be contrasted to the literature on the A-calculus using such, invariably rife with well bad
redundancy or handwaving; it must be as the A-calculus is not closed under coloring (7%7&).

The bang reflects the !-type from linear logic, denoting that resources are replicable, in the syn-
tax. In particular, the §!-rule makes explicit that arguments to functions should be replicable.

Example 1. For w := Az.z lz, the bang-calculus version of the mockingbird [23][4, Def. 6.2.1],
we have the infinite reduction w ((Az.\w) (y 2)) =6, Z —p1 Z —p1 ... for Z := (Az.wlw) (y 2).

Here we resolve the problem whether ! is confluent modulo o, a problem dating back to [8, 11],
in the affirmative. After making both the problem and its resolution formal statements, we
investigate the rewrite properties of 5! and ¢ and find the latter and its combination with the
former to be non-trivial. Based on that analysis we introduce the B!-rule (B is the Greek capital
B, pronounced here as big beta) obtained by saturating the redex-pattern of the Sl-rule with
Dyck-spines, in the spirit of [6]. A Dyck-spine (Def. 1) is a context where the applications and
abstractions along its head-spine [5, Def. 4.2] match up as the opening and closing parentheses
of the Dyck language D of matching parentheses, see, e.g., [22], with the hole at its coccyx / tip.
Dyck-spines are designed to be closed under g-equivalence, enabling to speak of residuals [7, 19]
of Bl-redex-patterns after both (other) B!- and o-steps, thereby enabling resolution of the
problem via Church & Rosser’s classical method of confluence-by-orthogonality [4, 18, 3, 25],
but for B! instead of for 8!. A flattening argument allows us to conclude.

1The PRS is downloadable from http://www.javakade.nl/research/trs/bang.trs in the HRS format of
the Confluence Competition, supported by tools such as Nagele’s CSI"ho and Hamana’s SOL.
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AN 3> stu=ax|Advt]|st|lt

Bl (Ax.t)!ls — t{s/x} o1: (Az.s)tv — (Az.sv)t if x ¢ fv(v)
o2t (Az.Ay.8)t = Ay.(Az.s)t if y & fv(t) o3 :v((Az.s)t) = (Axws)t) if z ¢ fv(v)

Table 1: Bang-calculus presentation [8, 10, 11] by grammar and rule schemata, not used here

Remark. The idea underlying B! of saturating left-hand sides (here of the §!-rule) under ad-
ministrative rules (here o-rules) appears in many guises in the literature, see e.g., [6, §4.3][21, 2,
15, 25]. It was later vulgarised by Accattoli and Kesner as reduction-at-a-distance for the simple
(regular not context-free) case of a A-calculus with explicit substitutions ¢ la De Bruijn [1].

Preliminaries. We assume familiarity with rewriting [3, 25]. We employ —, —, and ~ (each
possibly subscripted) to denote respectively the rewrite system (relation) induced by the g!-
rule, its finite reductions (reducibility), and conversions (convertibility) induced by the o-rules
with o := {01,092,03}, and use [a] to denote a modulo ~ defined by {b|a ~ b}, and [—] to
denote — modulo ~ defined on such equivalence classes by [a] [=] [0] if @ ~+— -~ b. Our
problem resolution (Cor. 1) asserts that g! is confluent modulo ~, i.e. [—] is confluent.

Remark. The notion confluence of — modulo ~ is not unequivocally defined in the literature.
It is oftentimes equivocated [13][25, Ex. 14.3.1(iii)] with confluence of ~ - — - ~, not equivalent
to confluence of [—] as shown by b + a — ¢ and b ~ ¢, though only slightly so; they can be
reconciled by asking for a common reduct for ~-— -~ up to ~. It is also sometimes defined [12,
p. 802] as «— -~ — C — - ~ -« not equivalent to the other two as shown by a ~ b — c.

Below, we will show (Cor. 1) confluence of [—] via the diamond property (DP) of ~ . ——
(Thm. 2), where M -+ N denotes there is a complete B!-development (CD) from M to N, a
reduction from M in which only residuals [7, 19] of redex-patterns in M may be contracted with
none remaining in N. Following [4, 25], we formalise both notions by coloring® occurrences of
symbols, where coloring pairs a symbol up with a natural number, written as superscript / using
color (since application is implicit: of its parentheses). The colored PRS rules are (Fig. 1):?

Bl (Na.S(x)) (V) — S(T) o (W S@) TV = (Ve (S(x) VYT
o2 : Wa Xy S(z,y))'T — Ny.(NMae.S(x,y)'T oz (V)(Nz.8(x)’T) = (\a.(V)S(z))'T

Example 2. If M — N, then also M —e+ N by a CD of its singleton redex-pattern occurrence
indicated by coloring, e.g., (Az.(A\zx.z!z) lw) (y z) witnesses Z —e—» Z for Z in Ex. 1. Coloring ex-
tends to multiple redex-pattern occurrences, e.g., (Az.u (Ay.zy)!b))la - u (ab) is witnessed
by (Az.u ((Ay.zy)!b))la =g u((Az.xb)la) =z u(ab) (starting with — g gives the same CD).

N INON N AN N

1T AN LN N

| | N L LN
[ [ A NN [ [

Figure 1: (Red) g! and (polychrome) o; with redex-patterns [25, §8.6.2] in bold.

2A colored edge below a leaf S indicates that (the unique) A (of that color) binds in terms substituted for S.
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No(ta)tions extend naturally to coloring, e.g., ~ denotes ~, where o denotes {01, 02,03}. Any
map on colors, a discoloring, induces a morphism on terms, steps, (finite and infinite) reductions
and conversions. Matting is the discoloring that maps all colors to matte (black), 0. As mapping
terms to matte terms is an embedding, we may and will identify the former with the latter.

B!, Given a set 0 ¢ C of colors we use 3! and — to denote | J;c B!" and — g, respectively. A
term M is a C-coloring of M if only colors in C U {0} occur in M and colors in C only occur
in fl-redex-patterns. A (3!-)development of M is a —-reduction that is the matting of a —-
reduction from some C-coloring M of M; if it ends in a —-normal form with matting IV, then
M -o» N is complete (a CD). Note that M is matte if it is in —-normal form.

Example 3. Non-red-colorings of Z in Ex. 1 are (Az.(Az.z!z)!w) (yz) (non-monochrome),
(Az.(Azx.zlz) lw) (y z) (blue) and (Az.(Az.x!z)w) ((y) 2) (non-redex-pattern). Ex. 2 exemplifies
red,blue-coloring. J —e+ I'lT but not J —e» I for I := Az.xz, J := I''I'T (1 redex-pattern in J).

Theorem 1. -e+ has the DP, because — is terminating on C-colorings and preserves them.

Proof. This holds for orthogonal PRSs [18] (OPRSs; left-linear and without critical peaks), with
3! orthogonal (on its own)': C-colorings are preserved by the contracted S!-redex-pattern not
overlapping others. Termination follows from [25, Thm. 11.5.11]. Both CDs of N <o~ M -~ L
lift to developments from some C-coloring M of M for C the union of the colors for the CDs;
completing them yields M —e+ P e L for P the (unique and matte) —-normal form of M. O

The theory of orthogonality [25, Ch. 8] not just gives confluence of 8! [10] for free (by — C —e—» C
— [25, Prop. 1.1.11]), it allows to construct a least upper bound for any peak of Sl-reductions.

o. Since rewriting modulo equivalences classes is unwieldy, one may try to transform the o-
rules into a complete rewrite system [17, 20]. This is non-trivial for various reasons: (i) orienting
o into rewrite rules in any direction yields PRSs that, though terminating, have non-joinable
critical peaks [18] as easily checked by tools!, e.g. the one shown in Fig. 2 (left); (ii) Knuth—
Bendix completion of the above o-rules even leads to a non-orientable rule, with either side
embedding the other, the swap-equivalence 7:(Az.((A\y.S(y,2)) T)) V — (Ay.((Az.S(y,2)) V) T
depicted in Fig. 2 (right). (iii) turning the o-rules into a first-order TRS by erasing bound
variables, completion using tools fails® (completing o should be at least as difficult); (iv) the
reverse o-rules are not well-behaved in the same way the n-rule [4] is not: they test for the
absence of variables, i.e. perform a so-called no-occur-check [20, Rem. 3.4.23]. (v) whereas the
o-rules of [6, 21] give a conservative extension of S-convertibility [4], that fails for our o-rules
w.r.t. Bl-convertibility (intuitively by ! being absent, formally by Fig. 2 and Cor. 1).

@

IN NN N NN

AN AN
2 N AN SN TN
A N N

RN RN RN RN RN RN

Figure 2: Non-joinable (left) and non-orientable (right) critical peaks between oo and o3 / oy.

3The TRS in mkbTT-format is downloadable from http://www.javakade.nl/research/trs/sigma.trs.
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M, = (Azau((Ayzy)b)!la —p w((Azaxb)la) = N @ ¢
My = uw((Az.(Ay.zy)!b)la) —p N i\/\f Y d”
M; = u(((QxAy.xzy)la)lb) —p N | | Bl S
M, = u((Qy.(Arzy)la)!ld) —a N s T |
My —p u((Ayay)ld) = L | r

Figure 3: Exemplifying saturation of §! into B! (left) and presentation of (a red) B! (right).

Open Problem. Is there a complete PRS presenting the equational theory ~ of o?

Observe that ~ is decidable since ~-classes are finite by o being size-preserving. That does
not resolve the open problem since decidable equational theories need not be presentable by
complete (finite) term rewrite systems [14, 24], but it does make Cor. 1 below effective. In turn,
size-preservation is a consequence of that the o-rules only reconfigure symbols (as seen in Fig. 1;
they are chemical in the sense of [25, Example 8.6.1]). That also makes that matting is (the
converse of) a labelling in the sense of [25, Def. 8.4.5(i)] on o-conversions; they lift uniquely:*

Lemmal. A 05_1)—5156]9 from a matting M of M lifts to a unique 0571>

-step from M per Fig. 1.
Non-coherence of ¢ with §!. A major obstacle to confluence of [—=] is that ~- — C — - ~
does not hold; o need not cohere with B!; e.g., it does not in Ex. 1. We present our technique
to overcome it, of saturating 8! to make o cohere with it, on the following running example.

Example 4. The terms M; and M, in Fig. 3 (left) are o-convertible by M; ~ or! My ~ -
Ms ~y, My. Both My and M4 have two [!-redex-patterns, colored red and blue, but M3 in the
middle only has a single (blue) one; the @ and \ in it have become (temporarﬂy) divorced. So,
M3z ~ My =5 N, but for no P we have M3 —g P ~ N, and the same holds when discoloring.

Our aim is to make the red symbols in M3 constitute a redex-pattern for a generalised [!-rule
we dub Bl. To that end, we saturate the left-hand side (Az.S(z))!T of the Sl-rule by allowing
for arbitrary so-called Dyck-spines d and e betwixt its @ and its A respectively !, see Fig. 3
(right), where bars [| represent Dyck-spines and the B!-redex-pattern is in bold, cf. 4! in Fig. 1.

Definition 1. A Dyck-spine is a single-hole context in DS > d,e == O | (d[\'z.0])*M | dle].
We let d denote the sequence of variables bound by the A-abstractions on the spine toward the
coccyx / tip O of d. The (colored) PRS B!-rule scheme for Dyck-spines d, e is, Fig. 3 (right):

BI' ¢ (dNw.S(x,d))'e['T(@)] — e[d[S(T(@),d)]

Intuitively [6, 2], Dyck-spines are vertically context-free; we think of @ and A\ along the spine
toward O as opening and closing parentheses in the Dyck language of matching parentheses over
the alphabet {(,)}. Indeed, given an occurrence of the @ of a Bl-redex-pattern its corresponding
A is found by matching (using a PDA [22]) along the spine, and similarly for !. We extend our
conventions: B! denotes |J,; B! and M is a C-coloring of M, if M only uses colors in C U {0}
and colors in C exclusively occur in Bl-redex-patterns. (! is a flat B! arising from d, e := O.

Example 5. In Fig. 3 (left), M5 = u ((d[M\y.x y]) e[!b]) —p1 u(e[d[zb]]) = N for d := (A\z.0) la
and e := O, regaining coherence. For the occurrence of @ in M3 we find its corresponding Ay

4Bl-reductions need not lift, since the left-hand side of 3! being monochrome restricts it [25, Ex. 8.4.28]!
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by repeatedly walking to the left subterm, first encountering a @ (pushing that), then a Az
(popping the @), and finally the matching \y. Similarly, (d[A\z.z!z])e[lw] — g eldw w]] for
d:=0 and e := (A\z.0) (y z) in Ex. 1, again regaining coherence since e[d[w lw]] = Z.

Lemma 2. C-colorings are preserved by ~. (Note: o-steps are a priori not constrained by C!)

Proof. First, note that if a side of a o-rule occurs in a C-coloring M of M, then its occurrences
of @ and its left child A as in Fig. 1 both have the same color; either both matte (neither in a
redex-pattern) or both in C (they must match). Next, we consider peaks between B!- and such
o-redex-patterns, where we assume w.l.o.g. both symbols are blue. The only interesting case is
when there is overlap. Projecting onto their spine(s), the steps induced by such o are:

(0 =61 O( 0) =, )0 (=as O( () =o€

expressed using matching parentheses, where the 2 rules for o3 correspond to @,@ being on
distinct spines in its left-hand side. The Dyck language D is closed under the (reverse) steps. [

Example 6. M, in Fig. 3 is red,blue-colored, so all M; are by them being o-convertible to M.

Coherence of o with B!. We have o is coherent with B!, as we aimed for.
Lemma 3. M' — 5 N’ ~ N for some C-colored N', if M' ~ M —py N for C-colored M', M, N.

Proof. By transitivity of ~ it suffices to show the inclusion for each local cliff M’ <+ M — 5, N.
(critical) If one of the (three) symbols in a side of a 0§771>—rule (Fig. 1) overlaps with the head-
symbol @ of B! or its matching A (Fig. 3), the cliff is critical and handled as per Fig. 4.

(orthogonal) Otherwise, the pattern of the o-rule must either be schematic, on one of the
Dyck-spines d or e of the lhs d[Az.S(x,d)] e[\T(€)] of the Bl-rule, or in its body (obtained by
instantiating S) or in the argument (obtained by instantiating 7') as usual for OPRSs. A

common reduct is found by contracting residual o-redex-patterns in the rhs of B! [7, 3, 25]. O

Remark. In Fig. 4 we have distinctly colored non-matching symbols, and overlapping symbols
are in bold.> That the various o-equivalences hold, uses that binders in Dyck-spines d and e
do not bind in each other (per the variable convention), so that d[e] ~ e[d]. For instance, if
d= (A\y.0)y and e = (A\z.0) z, then dle[N]] = (A\y.(Az.N) z) y ~- (Az.(Ay.N)y) z = e[d[N]].

Example 7. Lem. 3 for the cliff M3 ~ M; —p N in Fig. 3 (left) yields M3 —p5 N ~ N.

Flattening B! to 8!. The Dyck-language D has the following rewrite-characterisation:
w € D iff the normal form of w for the rule (() — ()( is flat, that is, of shape (). .. ().
Flattening, o1, 03-reducing M to a% o1, o3-normal form, extends the idea from words to terms:

Proposition 1. A flattening of a C-coloring M of M s flat (all B!-redexes are [!-redexes).

Proof. In a Bl-redex (d[Ax.L]) e['P] in a flattened term, both d, e are flattened entailing they
are sequences of @-\-pairs (o7 would be applicable to a minimal nesting). Then if d / e were
non-empty, o1 / o3 would be applicable to the head-@ of B! and the first @-A-pairind / e. O

Example 8. For M, and M, in Fig. 3 (left), flattening gives rise to” M} := (A\z.(Ay.u (zy)) !b) a,
and for Mz and My to M} := (\y.(Az.u (2 y)) 'a) b, which indeed both are flat. (They are also
swap-equivalent, but Fig. 2 (left) shows that in general that fails for o-convertible terms.)

5Dyckness of d rules out the third way to overlap o; with B!, only on the A not on the @ of B!.

601, o3-reduction is terminating [8] (as tools also show) but not confluent (1,03 have non-joinable critical
peaks, e.g., in (Az.z) z ((A\y.z) y)). It can be shown that o1, o3-reduction is confluent modulo swap-equivalence 7.

"Beware: M isn’t notation for the flattening of M. We use M’ to denote a flat term such that M ~ M.
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Figure 4: Joining critical peaks of B! and the (T,§7 up to o (zoom-in for extra legibility).

Coherence of o with §!-developments
Lemma 4 (o-transfer). If M” is flat” in M° ~ M —e» N, then M* -+ N’ ~ N for some N'.

Proof. M’ ~ M — N for some C-colorings M of M and M” of M” with M” ~ M by assumption,
definition of —e—+ and Lem. 1,2. M” — 5 N’ ~ N for some colored N’ by iterating Lem. 3. Since
M?" is flat, so is M”, so all Bl-redex-patterns in it are 3!-redex-patterns. These are preserved
by contracting other such (Thm. 1), so in fact M’ — 3 N’ ~ N using o retains color. O

Example 9. M} ~ M, —e+ u(ab) in Ex. 8, transfers to M? —e+ u (ab) ~ u (ab) by Lem. 4.
Theorem 2. <o -~ -3 C ~ . -3¢0 -~ (~- - has the diamond property).

Proof. If M ~ M; —-e» N, for i € {1,2}, then M" ~ M; —e» N; for M’ a flattening of M. Lem. 4
transfers that to M” e+ N/ ~ N; for some N/. By DP of e+ (Thm. 1) N} —e= L for an L. [

Example 10. Thm. 2 for N - My ~ My — L in Fig. 3 gives N ~ (Az.u(xb))la — u(ab) <
(Ay.u(ay))!b ~ L when taking M? = (A\z.(Ay.u (zy))!b) la in Ex. 8 as flat witness to M; ~ Mj.

Corollary 1. 3! is confluent modulo o.

Proof. By the above remarks, transitivity of ~ and relation algebra, *(~ - ¢+ ~) - (~ - — - ~)* C
N-*(<—.N).(N.—>)*.NgN.*(ee—.w).(w.—e—))*-NgThm'QN-(N'—e—>)*~*(<—e—-fv)'~§
~o (o) K (e ) v C (v )R e~ F (v - ), entadling confluence of [—]. O

o~ e PN PN
TN TN TNT

Figure 5: Joinability of schematic body (Q-), left) and argument (Q-!, right) Bl-peaks.

Conclusion. We saturated ! into B! through the context-free insertion of matching @-\-pairs
in the fBl-redex-pattern. Developing a set R of Bl-redex-patterns in a term M was effectuated
by a flat development M ~ M e N, first transferring R into a set R* of Bl-redex-patterns in
a flat term M” ~ M and then developing R’ as M’ —e+ N. They have the diamond property
by 3! being orthogonal, from which confluence of bang modulo followed. We conjecture B! /
flat CDs are orthogonal, constitute a residual system [25, §8.7], suggested in Fig. 5. We have
shown working with o-equivalence classes is effective for the bang-calculus, but is it efficient?

Acknowledgments. We thank the IWC reviewers for their comments, in particular for the
reference to [9, Prop. 1]. We obtained it (‘Thm. 2 = Cor. 1’) independently (in March 2024)
when resolving confluence of 8! modulo o as reported here. Though flat terms are unblocking
in the sense of [9, Def. 1], the main problem lies elsewhere, in proving coherence (as flattening is
not a function on ~-classes; Ex. 8, Fig. 2). We resolved it by saturating B! to B! and o-transfer.
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Abstract

We describe a machine-checked proof of a result in Isabelle/HOL that implies that if the
cardinality of a confluent abstract rewriting system (ARS) is below the first uncountable
limit cardinal, then confluence of this ARS can be proved with the help of the decreasing
diagrams method using 3 labels and such an ARS has a so-called almost deterministic
Church-Rosser strategy (defined by weakening conditions of the definition of deterministic
one-step Church-Rosser strategies).

We also discuss consequences of this result. One consequence is that there is a statement
that can be used as additional axiom to HOL that implies that every confluent ARS has
an almost deterministic Church-Rosser strategy and that the decreasing diagrams method
with 3 labels is complete without cardinality restrictions.

1 Introduction

An abstract rewriting system (ARS) is a pair (A4, —) of a set A (a set of elements) and a binary
relation — C A x A (reduction). In the context of the usual Zermelo-Fraenkel set theory with
the Axiom of Choice (ZFC) all sets are comparable in cardinality and every cardinal £ has a
successor (k1) [3]. A (weak) limit cardinal is a cardinal that is not a successor of a cardinal.
We will say that an ARS (A, —) has the cardinality x, if the cardinality of the set A is x.

For example, an ARS (R?,—'), where a —' b if and only if a,b are real (planar) vectors
such that there exists a scalar £ € R such that b = k- a has the cardinality of the continuum. If
in addition to ZFC one accepts the Continuum Hypothesis (independent of ZFC, if the latter
is consistent), then the ARS (R?, —') has the smallest uncountable cardinality (Xy).

Semi-formally, an ARS (A, —) is decreasing Church-Rosser (DCR) [17, 18], if the decreasing
diagrams method [17, 18] can be applied to prove that (A4, —) is confluent. Here “can be applied
is understood as follows: there exists a labelled version of the ARS (A, —) (where labels are
associated with reduction steps) with labels in some set ordered by some well-founded strict
partial order < that satisfies a condition reminiscent to local confluence, but with certain
constraints on how labels of reduction steps that appear in it are related by <.

A rigorous definition of the class of DCR ARS can be found in [18].

In [18] V. van Oostrom showed that every DCR ARS is confluent (the decreasing diagrams
method is sound for proving confluence) and also showed that every ARS with the cofinality
property is DCR (the method is complete for proving confluence of such ARS). Countable
confluent ARS have the cofinality property [8], but uncountable ARS may not have it.

In [1] J. Endrullis, J.W. Klop, R. Overbeek considered restricted versions of related questions
and proposed a hierarchy of classes DCR,,, where for each ordinal o, DCR,, is the class of all
ARS that can be proved confluent using the decreasing diagrams method under the assumption
that the set of labels and the order < on labels are fixed as follows:
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e the set of labels is the set of all ordinals below «
e the order < is the restriction of the usual strict order on ordinals to the set of labels.

In [1] it was shown that the class DC'R; contains all countable confluent ARS. In essence, this
result is closely related to the existence of deterministic one-step Church-Rosser strategies [6,
Definition 3] in countable confluent ARS. However, such strategies may not exist in uncountable
confluent ARS [6, Proposition 2]. In [5] it was shown that the class DC R3 contains all confluent
ARS of the smallest uncountable cardinality (X;), but the same does not hold for DC'Ry. This
result can be considered as a consequence of a stronger result obtained in [6, Theorem 1] that
shows an ARS of the cardinality N; is confluent if and only if it has a so-called 1-branching
one-step nondeterministic Church-Rosser strategy [6]. Informally, the latter is a weakening of
the concept of a deterministic one-step Church-Rosser strategy that admits a minimum amount
of nondeterminism of a strategy. In this paper we will alternatively call such strategies almost
deterministic Church-Rosser strategies.

In this paper we extend the above mentioned results and show that every confluent ARS of
the cardinality Ny, for finite k& (o, N3, etc.) has an almost deterministic Church-Rosser strategy.
This result implies that

1. the class DCR3 contains confluent ARS of the cardinalities X, for all finite k

2. there is a sentence that we will call A-Card below that can be used as additional ax-
iom to HOL such that HOL + A-Card proves that every confluent ARS has an almost
deterministic Church-Rosser strategy and ZF proves consistency of HOL + A-Clard.

2 Preliminaries

The reader can assume that a background theory for the natural language propositions given be-
low is Zermelo-Fraenkel set theory with the Axiom of Choice (ZFC) or Von Neumann-Bernays-
Godel (NBG) set theory [13, 3] with the axiom of global choice [3, p. 133] (that is useful
for reasoning about proper classes). Formal statements and proofs from Isabelle/HOL formal-
ization [7] that contains a supplementary material for this paper can be transferred to the
set-theoretic setting using a process similar to the one described in [10, 12, 15].

A variant of explicit definition of the classes DCR,, based on [2, Definition 4.4] and [2,
Definition 4.2] is given below. For any ordinal « denote as Y« the set of all ordinals less than
o (under the usual set-theoretic definition of ordinals this notation is trivial, i.e. Yea is the
ordinal « itself, but it will be used to highlight that elements of « have the role of labels).

Definition 2.1 ([4]). Let vy be an ordinal. An ARS (A, —) belongs to the class DCR., if there
exists an indeved family (—a)ac(v~) of binary relations on A indeved by ordinals o < 7y such
that — = Ua<7 —a and for every ordinals o, 8 € (Y7) and for every a,b,c € A the following
holds: if a =4 bA a —g ¢, then there exist elements b',b", ¢, ¢",d € A such that

(b B d> A (c ol S D d>,
Yo {8} YaUYps Y8 {a} YBUY«a

= * . .
where symbols of the form -2 and 2 where K is an expression, mean:

i
e:{(a,a)\aeA}UU—nﬁ and -%Z{(a,a)aeA}U(U _>K> ’

KEK KEK
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and the symbol (-)T is used to denote the transitive closure of a binary relation.
Note that:
e for any ordinal a, every ARS in DC'R,, is decreasing Church-Rosser in the sense of [18§]
e DCR, € DCRg whenever a < f3.

An explicit definition of the class DC R3 can be found in [4, Proposition 2].
In this paper we will also use the following notations and definitions used in [6].

Definition 2.2 ([16, 6]). A one-step (reduction) strategy for an ARS (X,—) is a subrelation
—s C — such that NF(X,—,) = NF(X,—), or, equivalently, if dom(—) = dom(—).

Definition 2.3 (based on [9, Definition 6]). A deterministic one-step Church-Rosser strategy
for an ARS (X, —) is a one-step strategy — for (X, —) such that — is functional and

Va,be X (a<"b = Jece X a—=icAb—=] o).

For every one-step strategy —, for the ARS (X, —) the branching weight function bw_,,
(parameterized by —;) is defined as follows [6]:

0, i {b | a—s b} ={bl,

bw-,((a, b)) = {1’ if {b' | a—s 0} #£{b},

i.e. bw_,, maps a rewrite step (a,b) € —, to 0, if b is a unique direct successor of a in —, and
maps (a,b) to 1 otherwise.

For a binary relation r denote as dom(r) its domain, i.e. {a | 3b (a,b) € r}.

For an ARS (X, —) denote NF(X,—) = X\dom(—) (the set of normal forms).

Definition 2.4 ([6]). For k € Ny, a k-branching one-step nondeterministic Church-Rosser (or
k-branching 1-nCR) strategy for an ARS (X, —) is a one-step strategy —s for (X, —) such that

Va,b€ X (a " b By(a) N Bi(b) £ 0),

where

Bi(z)={ye X |IneNy Jag,a1,...,an €EX T =ag 50 —>5... Ds5ap =Y A
Aie{0,1,..,n—1}| 3, (b#V Na; s bAa; =5 b))} <k}

and |.| is the cardinality of a set, i.e. By(x) is the ball of radius k in (X, —s) at an element x
w.r.t. the weight function bw_, .

Definition 2.5. An almost deterministic Church-Rosser (CR) strategy for an ARS (X, —) is
a 1-branching 1-nCR strategy for (X, —).

3 Main Results

For any set S the equinumerosity relation ~g on the power set of S is defined as follows:

X ~g Y if and only if X,Y C § and there exists a bijection f: X — Y.
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Theorem 1. Let r be a binary relation on a non-empty set U.
Assume that the set of equivalence classes of infinite subrelations of r w.r.t. ~, is finite.
Then (U, r) is confluent if and only if (U,r) has an almost deterministic (i.e. 1-branching
1-step nondeterministic) Church-Rosser strategy.

The statement and machine-checked proof of a formalized version of Theorem 1 in the formal
language of Isabelle/HOL [14] is given in the supplementary material [7, lines 13095-13101].

Theorem 2. Let r be a binary relation on a non-empty set U. Assume that
1. the set of equivalence classes of infinite subrelations of r w.r.t. ~, is finite

2. r is confluent.
Then the ARS (U,r) belongs to the class DCRs.

The statement and machine-checked proof of a formalized version of Theorem 2 in the formal
language of Isabelle/HOL [14] is given in the supplementary material [7, lines 13109-13150].
The statement has the following form (where ... denotes a continuation not shown here):

theorem thm_main:
fixes r::"(°Ux’U) set"
assumes a_card: "finite { E. 3 X C r. - finite X A
E={Y. YCr A (3 f. bij_betw £ X Y) } }"
assumes a_confl: "V a b c. (a,b) € r'* A (a,c) € r™*x —
3 d. (b,d) € r* A (c,d) € r~*)"
shows "3 r0 r1 r2 . (
(r=(0UTrlUTI2)
AN (Y abec. (a,b) € rO A (a,c) € 0 — (3 d. (b,d) € r0°= A (c,d) € r0°=) )

The formal assumptions a_card and a_confl represent the conditions 1, 2 of Theorem 2 respec-
tively. The conclusion (shows) represents the conditions of Definition 2.1 for the ARS (U, r)
and v = 3, where the relations —, —y, —1, —2 in the notation of Definition 2.1 are denoted
as r, r0, rl, r2 in Isabelle/HOL formalization.

The high-level structure of the proof of Theorem 2 given in [7] is similar to the structure
of the proof of [5, Theorem 18] that establishes that DCRj3 contains all confluent ARS with
reduction relation of the cardinality N;. In essence, the proof proceeds by constructing an
almost deterministic Church-Rosser strategy —, for a confluent ARS of cardinality X, (for finite
k) and labeling deterministic and nondeterministic steps in a strategy with 0, 1 respectively,
and labeling steps outside a strategy with 2. In more detail, the proof proceeds through the
steps described in [5, Subsection 5.1], however the implementation of the sub-step Blb in [7]
(supplementary material for this paper) differs from the implementation of this sub-step in [5],
because Lemma 27 from [5] cannot be applied when the relations 7|y, from its assumption
lack the cofinality property. In [7] this lemma is replaced with a less restrictive formal lemma
lem cfcomp_d2uset _cs [7, lines 11294-11310] that does not require its user to pre-define pseudo-
trees (Ra)acs, and instead constructs the required trees “dynamically” in the proof. In this
way the assumptions of lem_cfcomp_d2uset_cs no longer imply the cofinality property for 7|y,
and the lemma can be applied in all situations necessary for the proof of Theorem 2. Technical
details of the proof can be found in [7, lines 11294-11784].

Corollary 1. Let (A,—) be a confluent ARS that has cardinality Xy for some non-negative
integer k. Then (A, —) has an almost deterministic Church-Rosser strategy and (A, —) belongs
to the class DCR3.
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Proof. Note that | — | < |A x A| < R,. Then infinite subrelations of — have no more than
k + 1 different cardinalities, so the assumption of Theorem 1 and conditions 1, 2 of Theorem
2 are satisfied. Then (A, —) has an almost deterministic Church-Rosser strategy and (4, —)
belongs to the class DC'R3 by Theorem 1 and 2. O

4 Discussion

4.1 Dependence of Formalization on Isabelle/HOL Library

The statements of the formalized versions of Theorems 1 and 2 in [7] use several notions
formalized in Isabelle/HOL’s library such as relations (rel), finiteness (finite), bijection
(bij-betwj), reflexive closure r"=, reflexive transitive closure r"*.

However, one can restate these theorems without using such library notions, using the syntax

given in the standard HOL description [15] by A. Pitts as follows:

1. characterize reflexive transitive closure of a relation as the least reflexive transitive relation
that includes the given one

2. replace set finiteness condition with a variant of formulation of Dedekind-finiteness con-
dition (equivalent to finiteness in Isabelle/HOL)

3. represent sets using indicator functions.

For example, elimination of Isabelle/HOL’s library reflexive transitive closure operation
from the statement of thm main from [7] can be based on the following lemma (that can be
straightforwardly proved in Isabelle/HOL):

definition "preord r = ((V c. (c,c) € r) A
< abec. (a,b) €r AN (b,c) € r — (a,c) € r ))"

lemma
fixes P::"’U rel = bool" and r::"’U rel"
shows "P (r"*) = (V t. (r C t A preord t A
&~V r’. r Cr’ ANpreordr’ — t Cr’) — Pt ) )"

Counterparts of set inclusion, image under function, equinumerosity, and Dedekind-finiteness
for indicator functions can be defined, respectively, as follows (where name prefix I is used to
highlight indicator functions):

definition incl where "incl IA IB = (V¥ x. IA x — IB x)"
definition img where "img f TA = (A y. 3 x. IAx ANy = £ x)"
definition equinum where "equinum IA IB =

(3 f g. incl IA (img f IB) A incl IB (img g IA))"

definition fin where "fin TA = (Vv I. incl I IA A equinum I IA — I = IA)"

In particular, using definitions of incl, img, equinum, fin given above, it is straightforward
to prove in Isabelle/HOL the following equivalence between the universal closure of the cardi-

nality assumption (a_card) of thmmain from [7] and the universal closure of its reformulation
that does not reference Isabelle-specific library symbols:

lemma "(V r::(°U rel). finite { E. 3 X C r. - finite X
NE=4Y. Y Cr A (3 f. bijbetw £ X Y) } 1)
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(VIr::((bool = ’U) = bool).
fin (img (AI I’. incl I’ Ir A equinum I I’)
(AI. incl I Ir AN — fin I)))"

In [11] O. Kun¢ar and A. Popescu showed proof-theoretic conservativity of Isabelle/HOL
with constant and type definitions (for recent versions of Isabelle) over initial HOL. This im-
plies that after elimination of Isabelle/HOL-specific library symbols from the statements of the
formalized versions of Theorems 1 and 2 in [7] as described above, Isabelle/HOL-specific library
symbols can also be eliminated from the proofs of these theorems.

4.2 Consistency of Unconditional Existence of Almost Deterministic
Church-Rosser Strategies and Completeness of Decreasing Dia-
grams Method

In the set-theoretic semantics of HOL described by A. Pitts in [15], types are interpreted
as n-ary operations on a fixed set U (universe of sets) that satisfies certain conditions. In
particular [15, Section 1.1], & can be taken to be V,4,\{0}, where V.4, is the respective
stage in von Neumann cumulative hierarchy in the sense of ZFC set theory. In the latter
case, under the Generalized Continuum Hypothesis (GCH) assumption the interpretation of
the a_card assumption mentioned in Section 4.1 holds true regardless of a set in U assigned to
’U. Thus an equivalent reformulation of the universal closure of a_card that does not depend
on Isabelle/HOL-specific library (as described in Subsection 4.1) can be taken as an additional
axiom to HOL. Will call this axiom A-Card.

Taking into account soundness theorem for HOL [15, Section 2.3.2], one can conclude that
ZFC+GCH proves that HOL with A-Card has a (standard) model and is consistent, i.e. F
(False) cannot be derived from it [15, Section 2.4.5]. Note that since consistency is defined
syntactically, from Shoenfield’s absoluteness theorem it follows that ZF proves consistency of
HOL with A-Card as well. Also, from Theorems 1 and 2 it follows that in HOL with A-Card
one can derive that every confluent ARS has an almost deterministic Church-Rosser strategy
and that the decreasing diagrams method is complete for proving confluence without cardinality
restrictions (assuming that these statements are appropriately formulated in the language of
HOL, e.g as described in Section 4.1).

5 Conclusion and Future Work

We have discussed consequences of the main results.
Future work includes investigation of generalizations of Church-Rosser strategies for ARS of
high uncountable cardinality and investigation of practical implications of the obtained results.
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Abstract

Reachability is a central question in term rewriting: can a given target term (e.g., an error
state) be reached from a start term? It is also an important property in confluence analysis,
and corresponding tools compete in the annual confluence competition. An interesting
generalization of this problem is handling programs that can make random choices during
execution. For such probabilistic programs, reachability becomes a quantitative property
instead of a qualitative one: instead of asking whether the target is reachable, one asks with
which probability it is reached. We lift reachability analysis from ordinary term rewriting
to probabilistic term rewrite systems. To do so, we formalize the maximal probability of
reaching a target term and adapt two techniques for analyzing reachability (based on symbol
transition graphs and on term orderings) to compute upper bounds on this probability.

1 Introduction

Term rewrite systems (TRSs) are a fundamental model for program execution, transformation,
and verification. A TRS consists of a finite number of rewrite rules ¢ — r, indicating that parts
of a term that are matched by ¢ can be replaced by the reduct r. A central question is the
reachability problem “s —% t7”: can a target ¢ (e.g., an error state) be reached from a start
term s? Often, s and t are templates, and one asks whether ¢ can be reached for some ground
instantiation o of their variables, i.e., “Jo. so0 =% to?”. Reachability for TRSs has been studied
extensively, e.g., [6, 8, 9, 10].

We lift reachability analysis to probabilistic term rewrite systems (PTRSs), where the rule
selection remains non-deterministic, but after selecting a rule, the reduct is chosen probabilisti-
cally. We formalize the maximal probability of reaching a target (Sect. 2) and adapt two existing
techniques from the non-probabilistic setting to compute upper bounds on it. This yields upper
bounds on the maximal reachability probability: we can prove that a target is reached with
probability at most p, and thereby disprove reachability claims (e.g., almost-sure reachability
whenever p < 1, or reachability at all whenever p = 0). First, the symbol transition graph turns
into an over-approximating Markov decision process (MDP), whose reachability probability can
be computed with tools like Storm [7] (Sect. 3). Second, we lift term orderings for disproving
reachability to the probabilistic setting (Sect. 4). We plan to implement both techniques in
AProVE [5] and to evaluate them experimentally.

2 Preliminaries

We assume the reader to be familiar with ordinary term rewriting as presented, e.g., in [1]. In
the probabilistic setting, a single reduction step leads to a finite multi-distribution over possible
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/2] geo(s(0) 1/4] geo(s(s(0))) o

v
n NF'pgeo\ NI'_"'/:geo NFPgeo

Figure 1: A Pgeo-RT T with root(T) = geo(0). The node v is labeled by the probability p, = 1/8
and the term a, = s(s(0)).

results rather than to a single result. A finite multi-distribution p on a set A # & is a finite
multiset of pairs Pa, where 0 < p < 1 is a probability and a € A, such that ZPGEHp = 1. Let
FDist(A) denote the set of all finite multi-distributions on A. For p € FDist(A), its support is
the multiset Supp(p)={a | Pacpu}. A probabilistic abstract reduction system (PARS) is a pair
(A, —) such that — C A x FDist(A).

Let T = T(X,V) be the set of terms over a finite signature ¥ and variable set V. A probabilistic
term rewrite rule £ — p is a pair (¢, ) € T x FDist(7) such that ¢ € V and V(r) C V(¢) for all
r € Supp(p), and a probabilistic TRS (PTRS) is a finite set of probabilistic term rewrite rules.
Similar to TRSs, a PTRS P induces a PARS (T, —p) with s —p {P1t1,...,P*t;} if there is a
position w € Pos(s), a rule £ — {Piry,... ,Pkri} € P, and a substitution o such that s|, = o
and t; = s[rjol, for all 1 < j < k. Often, we simply refer to P instead of —p. Consider
the PTRS Pgeo with the only rule geo(z) — {/?geo(s(z)), 7?z}. When starting with geo(0),
repeated rewriting yields s¥(0) with a probability of (1/2)¥*1, i.e., a geometric distribution.

To track rewrite sequences of a PARS (A4, —) with their probabilities, we consider reduction
trees (RTs). The nodes v of a —-RT are labeled by pairs Pva, of a probability p, € (0,1] and an
object a, € A, where the probability at the root is 1. For each node v with successors wy, . .., wg,
the edge relation represents a rewrite step, i.e., a, — {"*V/Pay,, ..., s/ (y, }- For a —-RT
T, V(%) denotes its set of nodes, root(¥) is the object at its root, and Leaf(¥) denotes its set of
leaves. An example for a Pgeo-RT is shown in Fig. 1.

To analyze the probability of a term s reaching a term ¢, we use truncated RTs. For an RT
% and a term u, the truncated RT T, results from ¥ by removing all proper successors of every
node v labeled with a pair P*u. Hence, every node labeled with u is a leaf of T, and along each
path of T, there is at most one node labeled with u, which is then the last node of that path.
Intuitively, this lets us collect the probability mass that reaches u for the first time, without
counting paths that pass through w several times.

Definition 1 (Reachability Probability). Let P be a PTRS and s,t € 7. For a P-RT %,
the probability of reaching t from s in T is Ps(s —p t) = > ieLeat(z,) Pv if T00t(T) = s
a, =t
and Ps(s =% t) = 0 otherwise. The mazimal reachability probability of reaching ¢ from s is
PmX(s —5t) = sup Pg(s =5 t). For a PTRS P and terms s,t € T, we write s --»2 ¢ iff
P-RT T =

P (sg —% to) < p holds for every ground substitution ¢ w.r.t. s and ¢.

The supremum in P™**(s —% t) ranges over all P-RTs with root s, i.e., over all ways of
resolving the nondeterministic choices. Thus, P™**(s =7 t) is the tightest upper bound on the
probability of reaching ¢ from s under any evaluation strategy, and s ——->7<>p t states that this
bound stays below p for all ground instantiations of the variables of s and t. As an example,
reconsider Pgeo and the RT T in Fig. 1. Its leaves are the normal forms s*(0), each reached with
probability (1/2)¥*1. Hence P™2*(geo(0) —P,., $(0)) = 1/4. The term s(0) only occurs once as a
leaf (with probability 1/4), and it cannot be reached again once we have rewritten to geo(s(s(0)))
or stopped at 0. Moreover, there is only one Pgeo-RT with root lgeo(0). We therefore have

geo(0) ——972%74 s(0), and this bound is tight. Similarly, geo(z) ——-)ng/‘; x holds.
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3 Upper Bounds on Reachability via MDPs

We now lift the symbol transition graph technique of [9] to the probabilistic setting. The idea is
to over-approximate the (in general infinite) rewrite relation —p by a finite MDP and to read
off an upper bound on sup, P"**(so — to) from the maximal reachability probability of that
MDP, computable by probabilistic model checkers such as Storm [7]. The abstraction has two
ingredients: (i) we only keep the top of each term, cutting everything below a fixed height n, so
that finitely many terms remain; and (ii) since a cut term stands for all of its instances, a rule
may apply to some instance even if its left-hand side does not match the cut term, so we replace
matching by unification, i.e., the edges of the MDP are probabilistic narrowing steps. The height
of a term is h(x) =0 for x € V and h(f(t1,...,tx)) = 1 + max{h(t1),..., h(tx)}-

Definition 2 (Cut). For ¢t € T and n € N, the cut [t],, replaces every subterm ¢|, at a position
7 € Pos(t) with |7| = n by a fresh variable (distinct positions get distinct fresh variables).

Thus h([t],) <n, and [t], =t (up to renaming) if and only if A(t) < n. Up to renaming
there are only finitely many terms of height at most n, and a cut term wu represents the
set v(u) = {uo | o a substitution} of all its instances (so ¢t € y([t],) for all terms t), e.g.,
[geo(s(s(0))) ]2 = geo(s(x)).

Recall that an MDP M = (S, Act,P) consists of a countable set of states S, finitely many
actions Act, and a transition probability function P: Sx Act x S — [0,1] with ), ¢ P(s,a, ") €
{0,1} for all states s € S and actions « € Act. The action « is enabled in s if this sum is 1. A
scheduler chooses an enabled action in each state (possibly depending on the history), inducing
a probability measure on the runs of M. For a set T' C S of target states, P*(s,T') denotes
the maximal probability of eventually reaching T' from s over all schedulers.

Definition 3 (n-Cut MDP). Let P be a PTRS with maximal arity m and n € N. The
n-cut MDP M, (P) = (Sy, Act,P) has states S,, = {t € T | h(t) < n} (up to renaming) and
actions Act = {1,...,m}=" x P (a position together with a rule, representing a possible rewrite
step). An action (7,¢ — p) with g = {Prry,...,Prrg} is enabled in a term ¢ (where w.l.o.g.
V)NV (L) = @) iff 7 € Pos(t) and t|, unifies with £ with mgu o. It then performs a probabilistic
narrowing step followed by a cut, yielding P(¢, (7, — ), s') = Zléjgk, (k) rjo)n s Pi and
P(t, (w, ¢ — p),-) = 0 if it is not enabled.

As an example, the 2-Cut MDP M3 (Pgeo) is shown in Fig. 2. Here, we only present the
nodes that are reachable from geo(0).
start (g,%), Y2

(€, %), /2 (€, %), /2 P (€, %), /2

Figure 2: The reachable part of Mg (Pgeo) for Pgeo (both actions apply the rule at the root). A
double border marks the target s(z) € TSQ(O), and 0 is a normal form. By x we denote the only

rule in Pgeo, namely geo(x) — {/*geo(s(z)), /?z}.

Applying the mgu o to the whole term ¢ (not only to the redex t|;) is precisely a narrowing
step t ~ (to)[r;o], since o may also instantiate variables of ¢ outside of w. To obtain a
bound on sup, P (soc —% to), we start in [s],, and use the target set 7" = {t' € S, |
t' and [t], are unifiable}, i.e., all cut terms with a common instance with ¢.
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Theorem 4 (Upper Bounds on sup, P™**(so —% to)). Let P be a PTRS, s,t € T, and n € N.
Then
Mo sl T) <p = sup, P"™(soc =p to) <p

Proof Sketch. Fix a substitution o and a —p-RT T with root(¥) = so, and map every node
labeled with a term u to the state [u],. A concrete step at a position 7 with || < n corresponds
to the action (7, ¢ — p) with the same probabilities p;, while a step with |7| > n occurs inside
a cut-off subterm and leaves [u], unchanged. So ¥ induces a scheduler of M,,(P) starting in
[so]n that reaches T;* with probability at least Pz (so —* to), as every leaf labeled to maps
to [to]n € T7"; thus Px(so =" to) < PR 5 ([so]n, T7"). Since [so]n € v([s]n) and a more
general state over-approximates its instances (every narrowing step enabled in an instance is
also enabled, up to instantiation, in the more general term), we have IP%&X(P)([SUM,T?) <

PRy ([s]n, Ti") < p. Taking the supremum over all T yields the claim. ' O

Increasing the cutoff n keeps more structure of the PTRS, so the bounds get tighter.
Theorem 5 (Higher n Yields Tighter Bounds). For all n < n’, we have

sup, P (s0 =5 t0) < P (81 I7) < P ([slnI)) < L.

Proof Sketch. The first inequality is Thm. 4 (taking the supremum over all o). For the second
one, consider the map ' — [t'|, of M,/ (P) into M,,(P). Every narrowing step in M,/ (P) is
matched by one in M,,(P), and T/ maps into T}*. So every scheduler of M, (P) corresponds
to one scheduler of M,,(P) reaching the target with at least the same probability. O

Example 6. Reconsider Pge, with geo(z) — {/?geo(s(r)), >z} and the reachability problem
P™2*(geo(0) =% s(0)), whose best upper bound is 1/4. The part of M(Pgeo) that is reachable
from the start term geo(0) is shown in Fig. 2. In geo(s(z)), the right branch s(z) unifies with
[s(0)]2 = s(0) and is thus a target, while the left branch returns to geo(s(z)) since the second
s is cut off. This yields ]I”%j;‘(Pgeo)(geo(O),TS%O)) = 1/2, proving geo(0) ——-)7;%1*/"2 s(0). The bound
over-approximates 1/4 because geo(s(z)) merges geo(s(0)) with all deeper terms geo(s*(0)).
Refining to n = 3 separates further terms, see Fig. 3. Now geo(s(0)) and geo(s(s(x))) are distinct
states, and only the former reaches the target s(0), while the latter loops and escapes to s(s(x)).
Hence IP’T/?S"(Pgeo)(geo(O), Ts?Eo)) = 1/3.1/2 = 1/4, the exact value.

(€, %), /2 (€, %), /2

geo(s(s(2)))
(€, %), /2

s(s(x))

(&, %), /2

start

(&,x), /2

Figure 3: The reachable part of M3(Pgeo) for Pgeo. Here, geo(s(0)) and geo(s(s(z))) are distinct
states and only the former reaches the target s(0) € TSEO). Thus, P?j;‘(Pgeo)(geo(O),Tg’(o)) =1/,
As before, by x we denote the only rule in Pgeo.

4 Upper Bounds on Reachability via Interpretations

Next, we lift the notion of term orderings [10] to the probabilistic setting. Similar ideas have
been used for probabilistic imperative programs in, e.g., [2, 3]. Compared to the classical setting,

4
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we have to use interpretations that allow the definition of an expected value and that induce
a supermartingale. Then, we can obtain an upper bound on sup, P"**(soc —% to) instead of
simple qualitative answers whether s —* ¢ holds or not. For simplicity we only consider weight
functions instead of more complex term orderings as in [10]. A weight function is a mapping
W : ¥ — N and extends to a function on terms W : T (X, V) — N[V] by defining W (z) = « for all
x eV, and W(f(t1,...,tn)) = W(f)+ W(t1) + -+ W(t,) otherwise. The relation < on N[V]
is defined as usual: p(z1,...,2n) < p'(z1,...,2,) if this holds for all instantiations of z1,. ..z,
with natural numbers. The expected weight of a finite multi-distribution p = {P*¢1,...,P*t;}
on terms is defined as Ey (1) = > <;< Pi - W(t;). For example, consider the PTRS Py, with

a unary function symbol s and a constant symbol 0 with the only rules s(z) — {2z, /?s*(z)},
which describes a one dimensional symmetric random walk over natural numbers in Peano-
notation. A weight function W : {s,0} — N is given by W(0) = 0 and W(s) = 1. Then
W(s(x)) =z + 1 and By ({/2z, /?s*(x)}) = Y2 -2+ 1/2- (x +2) = + 1 as well.

We now sketch how a weight function W that induces a supermartingale can be used to
infer an upper bound on sup, P™**(so —% to). The main idea is to approximate all rewrite
sequences starting in so by a supermartingale that tracks the weight of the current term. To
this end, we require that W does not increase in expectation along rewrite steps, i.e.,

W) > Ew(u) for all rules £ — p € P. (1)

The inequation (1) lifts from rules to rewrite steps: whenever ¢t —p u, we have W (t) > Ey (u).
Intuitively, this means that with every rewrite step we either move away from the target or stay
at the same distance in expectation, i.e., we have

{'s} —P M1 —p M2 —p M3 —p
= Ew({'s}) > Ew(um) > Ew(p) > Ew(u) >

If we have W (t) > W (s), then we can bound the reachability probability sup, P™**(so —% to):
we cannot move with probability 1 from s to ¢, since this would imply that the expected value
has to increase eventually. The Stopping Theorem for supermartingales yields a concrete bound.

We now give a formal definition of the induced supermartingale. Let o be a ground
substitution for s and ¢, and let ¥ be a —-RT with root(%¥) = so. We extend W to nodes by
W(v) = W{(a,) and to a fresh symbol L ¢ V(%) by W(L) = 0. We turn ¥ into a stochastic
process { X, }nen over V(T)W{L}: (1) X is the root of T; (2) if X, = v has children wy, ..., wy,
then X,,,1 = w; with probability »v/p,. By definition of RTs, {"“1/7va,,, ..., */?va,, } is
exactly the distribution p of the rewrite step a, — p; and (3) if X,, =visaleafor X,, = L,
then X, 11 = L with probability 1. Thus, the realizations of { X, },en are exactly the maximal
paths of T, weighted by their probabilities. Let Y;, = W(X,,) track the weight along the path.
Then {Y,, },en is non-negative, and a supermartingale: the expected weight of the successor
X,+1 never exceeds the current weight Y,,." Indeed, for an inner node X,, = v with a, — u,
this expected weight is Ey (1) < W(a,) = Y, by inequation (1), and for a leaf or | it is 0 < Y,.

To capture the event of reaching a term of weight at least W (to), we use the stopping time
N = inf{neN|Y, >W(o)} € NU{oo} (with inf @ = c0), i.e., we stop once we see
a weight greater than or equal to W (to). Since the event {Y;, > W(to)} depends only on
Xo,...,Xn, N is indeed a stopping time. Intuitively, we run the process until the current term
has weight at least W (to), and run forever otherwise. Now the following stopping theorem
yields E(Yy) > E(Yy) and thereby our upper bound on P™**(so —% to).

TFormally, E(Y;41 | §n) < Yn for the natural filtration {Fn }nen of {Xn nen-
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Theorem 7 (Stopping Theorem (Theorem 4.8.4 in [4])). Let {Y,}nen be a non-negative
supermartingale and N € NU {co} a stopping time. Then E(Yp) > E(Yn).

Corollary 8. Let s,t be terms in a PTRS P, W be a weight function with W (£) > Ew (u)
for all rules £ — p € P, and o be a ground substitution for s and t. If W(to) > W(so) and
W (to) > 0 then P (so —% to) < W(so) - W (to)™ L.

Proof Sketch. We instantiate the construction above for some —-RT ¥ with root(¥) = so,
yielding the non-negative supermartingale {Y;, },en and the stopping time N. By construction,
N is the first time the process hits a node P¥ay in T where W(ay) > W (to). Using Thm. 7 we
can infer that E(Y;) > E(Yn). Note that our process always starts in Yy = W (so). Moreover,
p* :=P[N < o0] is the probability that a path in T ever hits a node PN ay with W(ay) > W(to).
Since every path that reaches a node labeled with to hits a node of weight W (¢o) there, we
have Pz (so —* to) < p*.

Finally, recall that Yy > W (to) with probability p* and Yy > 0 otherwise. Hence, E(Yy) >
p* - W(to)+ (1 —p*)-0=p* - W(to), and together with E(Yy) > E(Yn) from above we obtain
W (sa) > p* - W(to). So we can conclude that Pz (so —* to) < p* < W(so) - W(to)~!. Note
that we can obtain the same upper bound for all —-RTs T with root 'so. Hence, we can
ultimately conclude that P™**(sg —% to) < W(so) - W(to)~" which proves the claim. O

Now we can combine all results so far to obtain the main result of this section.

Theorem 9 (Upper Bounds on Max Reachability via Weight Functions). Let s,t be terms in a
PTRS P, and W be a weight function with W(£) > Ew () for all rules £ — p € P such that
W (t) > 0. Then sup, P™*(soc =% to) <p for

otherwise.

= {supa: von(W(s)v/a) [ve V] - (WH)[v/aw) |veV])™), W(te) > W(so) for all o,
1

)

Proof Sketch. If W(to) < W{(so) for some ground substitution o, then p =1 is a trivial upper
bound and the claim is immediate. Otherwise, W (to) > W (sc) holds for all ground substitutions
o, and Cor. 8 yields P™*(so —% to) < W(so) - W (to)~* for each such o. Finally note that
P v (W (5)[0/a(v) | 0 € V] (W(D[o/a(v) | v e V])™1) > sup, (W (s0) - W (to) L), since
W(uo) = W(u)[v/W(vo) | v € V] and « ranges freely over V — N, while W (vo) ranges only
over a subset of N. Hence P™**(so —%, to) < p for all o, which proves the claim. O

Example 10. Consider the PTRS P,, with the only rules s(z) — {2z, /?s?(z)} again. Using
the weight function W (0) =0 and W(s) =1, we get W(s(z)) =z +1=12 -2+ 1/2- (x+2) =
Ew ({/?x,"?s?(z)}). Therefore, we can infer s(0) ——97;’1“”/3 s3(0), since W (s(0)) = 1, W(s3(0)) = 3,
and W(s) - W(t)~! = 1/s.

In the future, we will investigate the relation between both presented techniques.

Acknowledgements We thank Eléanore Meyer for feedback on an earlier version, and the
anonymous reviewers for their comments.
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Abstract

In an earlier paper we proved that a transformation due to Snyder generates all canoni-
cal TRSs equivalent to a given canonical ground TRS. Here we present an explicit recursive
procedure to generate these. We prove its correctness and show how the procedure can
be used to obtain the exponential upper bound due to Snyder on the number of canonical
ground presentations.

1 Introduction

Congruence closure is an efficient technique to solve the word problem for systems of ground
equations. Completion is a well-known technique for transforming systems of equations into
equivalent canonical rewrite systems. A rewrite system is canonical if it confluent, terminating
and reduced. Completion takes a reduction order as input and if it succeeds, the word problem is
decidable by computing and comparing the unique normal forms of the two terms involved. For
systems of ground equations, completion can be tamed such that it always terminates. Snyder [3,
Theorem 4.7] shows that the number of distinct canonical rewrite systems representing a given
set of ground equations is at most 2¥ where k is the number of equations. Furthermore,
each of these canonical rewrite systems has the same number of rewrite rules. Finally, given
one canonical rewrite system, all others can be obtained by a simple transformation. This
transformation is denoted by (x) and defined as follows:

Let RW{¢ — r} be a canonical ground TRS such that r is not a proper subterm of
L. Let R’ be the ground TRS obtained from R by replacing every occurrence of r
in the rewrite rules by ¢. The result of the transformation is given by R'U{r — ¢}.

Given ground TRSs R and S, we write R = § if § can be obtained from R by an application
of the transformation ().

Example 1. The collection of ground equations

f(g(b, b)) ~ g(b, b) a ~ g(b,b) h(g(b,b)) ~ b
admits three different canonical TRSs, which are connected by (x) as follows:
f(g(b,b)) — g(b,b) fa) — a fa) — a
a = glb,b) < gbb) > a g(h(a),h(a)) =+ a
h(g(b,b)) = b h(a) 2 b <& b 25 h(a)

Here the number above the <= arrow indicates the rule to which transformation (x) was
applied. Detailed proofs concerning the transformation (*) are presented in our earlier paper [2].
We also showed that it fails in the AC case. The following statement expresses the crucial
soundness property of the transformation [2, Lemma 4].
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Lemma 1. The TRS R'U{r — {} is canonical.

In this note we present an explicit procedure to generate all canonical presentations equiv-
alent to a given ground canonical TRS. The correctness of the procedure is based on the
completeness of (x). The procedure is used to give a simple proof of the exponential upper
bound on the number of canonical ground presentations.

We assume familiarity with term rewriting [1]. Given a TRS R, we denote the set of
left-hand (right-hand) sides of its rules by LHS(R) (RHS(R)). We write ¢{¢/r} for the term
obtained from t after replacing all subterms r by ¢. Similarly, R{¢/r} denotes the TRS
{s{t/r} = t{t/r}|s—>te R} We write < for the subterm relation. Two TRSs R and S
are (conversion) equivalent if <% = «<»%. We denote the set of canonical presentations of a
ground TRS R by CaP(R) and abbreviate

H (1+#{l{—>reR|r=1})

v ERHS(R)

by bound(R). The following result will be heavily used in the sequel. (A TRS R is reduced if
LeNF(R\ {¢ — r}) and r € NF(R) for every rule { — r of R.)

Theorem 1 (Snyder [3, Theorem 2.14]). Reduced ground TRSs are canonical. O

2 Enumeration

Let T be a finite set of ground terms 7. If ¢t € T then we write T_; for T'\ {¢} and 7_,; denotes
the TRS {s >t |seT_;}.

Definition 1. Given a ground canonical TRS R, we define the set E(R) recursively as follows:
If R = @ then E(R) = {@}. If R # @ then we choose a right-hand side ¢ € RHS(R) and let
T={t}U{s|s—teR}andS=R\ T in

B = {@ovon /ey | g P S DT e D}

Here e, is a fresh constant whose purpose is to protect the term ¢ from being modified in the
recursive call to F.

The choice of ¢ € RHS(R) in the definition of E(R) does not affect the outcome. This
follows from the proofs below.

We write o; € s for a term s to denote that e, is a subterm of s, ¢; € T for a set of terms
T if e; is an element of T', and e, € R for a TRS R if e; is a left- or right-hand side of R.
To simplify the notation, we write R(e;) for R{e;/t} in the sequel. Before proving that E(R)
consists of all canonical presentations of R, we illustrate the definition on a concrete example.

Example 2. Consider the TRS R consisting of the three rules
f(g(b,b)) — g(b,b) a = g(b,b) h(g(b,b)) = b

We select ¢ = g(b,b) € RHS(R) and obtain T' = {t,a,f(g(b,b))} and S = {h(g(b,b)) — b}.
Computing E(S(e;)) = E({h(e;) — b}) yields ¢; = {h(e;) = b} and Us = {b — h(e;) }.
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e For U; we obtain V = {t,a,f(e;) }lu, = {g(b,b),a,f(e;)}. There are two choices for v:
g(b,b) and a, resulting in the respective TRSs

f(g(b,b)) — g(b,b) f(a) — a
a — g(b,b) and g(b,b) — a
h(g(b,b)) = b h(a) — b

e For Uy we obtain V' = {t,a,f(e;) Huy = {g(h(e;),h(e;)),a,f(e;)}. Because of the condi-
tion e; ¢ v, there is only one choice for v: a, resulting in the TRS

f(a) — a g(h(a),h(a)) — a b — h(a)

Next, we show that the choice of t does not affect the result; suppose ¢ = b. In that
case we obtain T = {¢,h(g(b,b))} and S = {f(g(b,b)) — g(b,b),a — g(b,b)}. Comput-
ing E(S(e;)) produces the two TRSs U; = {f(g(e:,®:)) — g(es,0;),a — g(e;, )} and Us =
{f(a) = a,g(e;,®:) — a}.
o For U; we obtain V = {t,h(g(e;, ;) Huy, = {b,h(g(e,e,))}. The only choice for v is b,
resulting in the TRS

f(g(b,b)) — g(b,b) a — g(b,b) h(g(b,b)) — b

e For Uy we obtain V' = {t, h(g(e:,®;)) }u, = {b,h(a)}. There are two choices for v: b and
h(a), resulting in the respective TRSs

f(a) — a f(a) — a
g(b,b) — a and g(h(a),h(a)) — a
h(a) = b b — h(a)

3 Correctness

In this section we prove that the recursive procedure of Definition 1 generates all canonical
presentations of a given ground canonical TRS. We write T' <+% U for a TRS R and sets of
terms 7" and U if for any term ¢t € T (¢t € U) there is a term u € U (u € T) such that t <% w.

Definition 2. Given a ground TRS R, a finite set T of ground terms, and a constant e, we
write P(R,T,e) for the conjunction of the following conditions:

1. R is canonical,

2. T CNF(R),

3. not €T is a subterm of a term in LHS(R) URHS(R) UT_;, and

4. ¢« ¢ LHS(R)URHS(R)UT.

Lemma 2. If P(R,T,e) andt € T with e ¢ t then RUT_; and (RUT_,;){t/e} are canonical.

Proof. Assume that ¢ — r in the system R U T_,; reduces a term in R U T_,; different from £.
If £ — r € R this contradicts conditions 1 or 2. Similarly, £ — r € T; causes a contradiction to
condition 3. Combined with condition 4, the canonicity of (R U T_,;){t/e} follows. O

Lemma 3. Let R be a canonical ground TRS. If R =* S and P(R,T,e) then P(S,T|s,e).
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Proof. Tt suffices to prove the statement for a single step R = S. The TRS S is canonical as a
consequence of Lemma 1. Because the terms in T'|s are normalized by S, T'|.s obviously consists
of normal forms of S. Let R = R'W{l{ —r} and S = R'{¢/r} U {r — £}. Since £ and r are
different from e by condition 4 of P(R,T,e), also condition 4 of P(S,T|s,e) holds. It remains
to check the third condition. So let ¢ € T'ls. Since T'C NF(R), t = t'{¢/r} for some t' € T.
Suppose for a proof by contradiction that ¢ is a subterm of a term in LHS(S)URHS(S)UT'|s\{¢}.
First, we note that t € ¢ (1): If t < ¢ and ¢ = ¢’ this contradicts condition 3. On the other hand,
if t # t' then ¢ must contain £, but ¢ = £ is impossible because then ¢’ = r, again contradicting
condition 3. Second, t 4 r (2): If ¢ = ¢’ this is excluded by condition 3, and if ¢ # ¢ then ¢
must contain ¢, but ¢ < r contradicts termination of R.

Now suppose ¢ is a subterm of a term in LHS(S) = LHS(R'){¢/r} U {r}. By (2), we must
have that ¢ is a subterm of a term u € LHS(S) such that u = v {¢/r} for some v’ € LHS(R’).
Then ¢ is a subterm of £ or ¢’ < v/, contradicting (1) and condition 3. Next, suppose t is a
subterm of a term in RHS(S) = RHS(R/){¢/r} U {¢}. By (1), t must be a subterm of a term
v € RHS(S) such that v = v'{¢/r} for some v' € RHS(R'). Then either ¢t < ¢ or ¢/ < v/,
contradicting (1) and condition 3. Finally, if ¢ is a subterm of a term u € T'|s \ {¢}, there must
be some v’ € T such that v = «'{£/r}. Again either ¢t < ¢ or ¢ must already be a subterm of
u’, contradicting (1) or condition 3. O

The following lemma collects some easy observations.

Lemma 4.
1 Any subset of a ground canonical TRS is canonical.
2. If T is a set of ground terms then t <7 v for all terms t,u,v € T
3 If u <wv then u{t/e;} < v{t/e;}. The converse holds if t 4 u and t 4 v.

Lemma 5. If R=—="S,e¢tcT and e ¢ uec U =T|s then the TRSs (RUT_){t/e} and
(SUU_,){u/e} are equivalent.

Proof. We obtain <% = <% (1) from R =* S. Let R’ = (RUT,){t/e} and &' = (S U
U_u){u/e}. We show <%, = <%, below.

C We have t =%, tls <% u. Since @ ¢ t and ® ¢ u, t = t{u/e} <% u{u/e} = u (2). Let

' — 1" € R'. We show ¢ <%, ' by distinguishing two cases. If ¢/ — 1’ € R{t/e} then

0 =t{t/e} and r' = r{t/e} for some rule { — r € R. We obtain ¢ <»% r from (1). Hence

U % Hufo} <% r{u/e} <% 1’ using (2). Next consider ¢/ — 1’ € T_,,{t/e}. We have

Ufu/e} = Tls{u/e} = T{u/o} stuse} 5pusey T{u/o} <5 T{t/e}

using (2) and because u € NF(S). So U{u/e} «% T{t/e} and since ¢',r’" € T{t/e}
there exist terms ¢, € U{u/e} such that ¢’ <+%, ¢ and v’ <>%, r. From e ¢ u we infer
u € Ufu/e} and (U{u/e})y = Uy{u/e}. Hence £ <7; oy v by Lemma 4(2) and thus
U % 0% r«% 1 as desired.

V)

Since u € U = Tls there exists a term ¢ € T such that /s = w. Using (1) and
Lemma 4(2) we obtain ¢ <34 ¢’ <»% u. Sincee ¢ tand @ ¢ u, t = t{t/e} <+, u{t/e} =u
(3). Let ¢/ — 1" € §’. We show ¢ <3%, 7’ by distinguishing two cases. If ¢/ — 1’ € S{u/e}
then ¢/ = ¢{u/e} and r’ = r{u/e} for some rule { — r € S. We obtain ¢ <+% r from (1).
Hence 0 <%, ({t/e} <%, r{t/e} <+%, r’ using (3). Next consider ¢’ — r’ € U, {u/e}.
We have T' 3% T'ls and thus T <% T'ls by (1). Hence

Ufu/e} <% U{t/e} = Tis{t/e} < 1ii/ey T{t/}
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using (3). So U{u/e} <%, T{t/e} and since ', € U{u/e} there exist terms {,r €
T{t/e} such that ¢/ %, ¢ and r' <%, r. From e ¢ t we infer ¢ € T{t/e} and
(T{t/o})—t = T {t/e}. Hence £ <35 .,y v by Lemma 4(2) and thus ¢’ <%, £ <%,
T <%, 1’ as desired. O

The following lifting lemma is the key to the completeness of our enumeration procedure.

Lemma 6. If R = SWT,; =* R with ¢, ¢ R and P(S(e;),{t} UT_.(e;),e;) then there
exist a TRS U and a term v such that S{e;) =* U, R = (UUV_,){v/e}, P(U,V, ;) and
o, ¢ Ve V with V = ({t} UT—t<.t>)\LU'

Proof. We consider a single step R = SW7_,; = R’. The statement of the lemma follows
by a straightforward induction argument. Let £ — r be the rule used in this step. So R’ =
(R\{¢— r}){t/r} U{r — £}. We distinguish two cases.

First suppose £ — r € S. So R’ = (S\{¢ — r }){¢/r}UT . {¢/r}U{r — £}. Let ¢’ = ¢{e,/t}
and ' = r{e;/t}. We have ¢/ — 1’ € S(e;) and ' 4 ¢ follows from r £ ¢. Hence S{e;) =— U
for = (S(ox) \ {¥' =" D{¢'/r'}U{r’ — ¢'}. Define v = t{f/r}. We show v = t{¢'/r'}. We
distinguish two cases.

o If ¥/ < ¢ then we must have o, ¢ 7’ since o, ¢ t. Hence ' = r. If o, € ¢ then
L=10{t/e;} >t >r' =r, contradicting r € £. So e; ¢ £ and thus ¢ = £.

o If ' At then t{¢'/r'} =t. Suppose r < t. Because the rewrite rule £ — r does not belong
to T, r # t and thus r <1 ¢t. Hence r' = r(e;) = r, contradicting 7’ 4 ¢. So r 4 t and
thus v = t.

Using similar reasoning we easily obtain r'{t/e;} = r'{v/e;} and ¢'{t/e;} = ¢'{v/e;}. Hence
{="10{v/e:} and r = r'{v/e;}. If we show

(S(e) \ & = " D'/ Hv/or} = (S\{€ = r}){/r} (1)

and
Voo{v/et = To{l)/r} (2)

then R' = (U U V_,){v/e;} follows. We have T' C NF(S) by the canonicity of R. Hence also
T(e:) C NF(S(e;)). Moreover, T'(e;) C NF(S(e;){¢'/r'}) because if u € T(e;) \NF(S(e:){¢'/7'})
then ¢/ < w and hence £ = ¢'{e;) < u(e;) € T, contradicting the canonicity of R. As a
consequence, T_; (o)l = T—1(0:){¢'/r'}. So both (1) and (2) follow from the identity

ufee){'/r'Hv/e} = uft/r}

for an arbitrary term v € LHS(S\ {¢ — r}) URHS(S \ {¢ — r}) UT_, and the observation
that the rewrite rules in V_,,{v/e,} and T_,,{¢/r} have the same right-hand side v = ¢{¢/r}. If
' S u(e){¢'/r'} then r < w and ¢'{v/e;} = £. If an occurrence of e; in u(e;) is no subterm of r’
then it will be replaced by v when computing u(e;){¢'/r'}{v/e;}. In this case the corresponding
occurrence of ¢ in u is no subterm of r and so it will be replaced by ¢{¢/r} = v in the computation
of u{¢/r}. Finally, Lemma 3 yields P(U,V, e;).

Next suppose £ — r € T;. So £ € T_; and r = ¢. In this case we let Y = S(e;) and
v = £. We obtain e, ¢ v from e, ¢ R. We have R’ = S{¢/r} U (T \ {{ = r}{¢/r} U
{r = £}. Moreover, S{¢/r} = S{l/t} = S{eo,/t}{l/0;} = U{v/e;}. Let T = T\ {¢,r}.
For W = {{,r} UT'{{/r}, we have (T, \ {{ = r}){{/r} U{r — £} = W_,,. Condition 2 of
P(S(e:), {t }UT_1(e:), ;) yields {¢t JUT_;(e;) C NF(S(e;)) = NF(U) and thus V = {¢t JUT_;(e;).
We obtain V_,,{v/e:} = {r} UT_.{¢/r})—s. Since r L ¢, £ € T_.{¢/r}. This concludes the
proof of R = (U UV_,,){v/e:}. We trivially have P(U,V, o). O
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Theorem 2. If R is a ground canonical TRS then CaP(R) = E(R).

Proof. We first prove the soundness of the enumeration procedure, E(R) C CaP(R), by in-
duction on #R. The inclusion is trivial when R = @. Let #R > 0 and R’ € E(R).
So Rl = UUV_,){v/e} with t € RHS(R) and o, ¢ v € V = ({t} U T_;(e;))dys where
T={t}U{s|s—>teR}, S=R\To and U € E(S(e;)). Since #S(o;) = #S < #R,
we can apply the induction hypothesis to S(e;). This yields F(S(e;)) C CaP(S(e:)). So U
is a canonical presentation of S{e;). Hence S{e;) =* U by the completeness of (x). Let
Vi={t}UT_;({e;). We show P(S(e;),V’' e,):

1. If S(e;) is not canonical then S is not canonical due to Lemma 4(3), contradicting
Lemma 4(1).

2. Let v' € V. If v’ =t then v' € NF(S(e;)) because otherwise ¢ ¢ NF(S), contradicting the
canonicity of R. If v € T_;(e;) then v'{t/e,} is the left-hand side of a rule in 7_,; and
hence a normal form of S by the canonicity of R. Hence v/ = v'{t/e;}{e;/t} € NF(S(e;)).

3. Let v' € V. If v/ = ¢ then v’ is no subterm of a term in S(e;) and the same holds for the
terms in T ;(e;). Let v’ € T_;(e;). If v/ is a subterm of a term in LHS(S(e;)) URHS(S (o))
then v'{t/e,} is a subterm of a term in LHS(S)URHS(S). In the preceding case we observed
that v'{t/e,} is the left-hand side of a rule in 7_,;. Hence we obtain a contradiction with
the canonicity of R. If v’ is a subterm of a term in V” , then it must be a proper subterm
and thus v'{t/e;} is a proper subterm of a term in T_;, contradicting canonicity of R.

4. By construction, e; ¢ LHS(S(e;)) U RHS(S(e;)). From ¢t ¢ T_; we infer o, ¢ V' =
{t}UT_;(e;).

Lemma 3 now yields P(U,V, e;). Hence R’ = (U UV_,,){v/e:} is canonical by Lemma 2. For
W = {t}UT_;(e;) we can write R = SWT_; = (S(e)UW_,;){t/e,}, so that we have V = W .
The equivalence of R and R’ is then an immediate consequence of Lemma 5.

Next we turn to the completeness of the enumeration procedure, CaP(R) C E(R). Again
we use induction on # R. The inclusion is trivial when R = @. Let #R > 0 and R’ € CaP(R).
We have R =* R’ by the completeness of (x). Let ¢ € RHS(R) and decompose R into
SW T, as usual. Let o, be a fresh constant. Lemma 6 yields a TRS U and a term v such that
S{o) =*U, R = UUV_,){v/e:} and &, ¢ v € V with V = ({¢t} UT_;{t/e:})ls. We have
U € CaP(S(e;)) by the soundness of (x). Since # S(e;) < # R, we can apply the induction
hypothesis. This yields U € E(S(e;)). Hence R’ € E(R) by definition. O

Corollary 1. If R is a ground canonical TRS then # CaP(R) < bound(R).

Proof. We prove # E(R) < bound(R) by induction on #R. Since # E(R) = # CaP(R) accord-
ing to Theorem 2, this establishes the claim. If R = @ then # E(R) = #{@} =1 = bound(R).
Suppose R # @. Let ¢ € RHS(R) and write R = SWT; where T' = {t}U{l|{ >t € R}.
From the construction of E(R) we obtain # E(R) < # T x # E(S). Since # E(S) < bound(S)
by the induction hypothesis, # E(R) < #7T x bound(S). Moreover, we have bound(R) =
(144 T-¢) x bound(S) from the definition of bound. Together with the obvious # T = 14+# T,
we obtain # E(R) < bound(R). O

Example 3. For any of the canonical TRSs R in Example 1 we have bound(R) = 3 x 2 = 6.
This is less than the bound 8 from [3] but double the actual size of CaP(R). The reason for the
discrepancy is the existence of non-reversible rules.
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Abstract

Generalized Term Rewriting Systems (GTRSs) extend Term Rewriting Systems by
providing a highly expressive framework that integrates conditional rules, context-sensitive
replacement restrictions, and Horn clauses directly into the rewriting formalism. In this
work, we extend our confluence tool CONFident to prove and disprove confluence of GTRSs.

1 Introduction

A Generalized Term Rewriting System (GTRS [1/]) is a tuple R = (F, I, u, H, R), where F
is a signature of function symbols; Il is a signature of predicate symbols, including — and —*;
w is a replacement map i.e., for all k-ary function symbols f € F, u(f) C {1,...,k} is the
set of active arguments on which rewriting steps are allowed [12]; H is a set of definite Horn
clauses A < ¢, where the predicate symbol of A is not — or —*; and R is a set of rewrite rules
¢ — r < ¢ [14, Definition 51]. In both cases, ¢ is a sequence of atoms.

Example 1. The GTRS displayed in Figure 1 permits the elimination of duplicate occurrences
of numbers s"(0) in Peano notation from a list [15, Figure 1].

Term Rewriting Systems (TRSs [1]), Conditional TRSs [9], Context-Sensitive TRSs (CS-
TRSs [12]), and Context-Sensitive CTRSs [13, Section 8.1] are particular cases of GTRSs.
Furthermore, Horn clauses allow us to model complex characteristics of algebraic programming
languages, such as sort information and membership predicates from Maude. Programs of
reduction-based systems like Maude [2] can often be encoded as GTRSs [16]. Confluence of
GTRSs has been investigated in [14, 15] and the results apply to all aforementioned variants of
rewrite systems.

Example 2. The GTRS R in Figure 1 is shown confluent in [15, Example 9], as a particular
case of weakly V-orthogonal GTRS [15, Definition 12], which are proved confluent in [15].

Since CONFident! does not support fully general GTRSs yet, this paper explains how it has
been extended to handle them.

2 Processors extended in CONFident

CONFident implements the Confluence Framework for GTRSs introduced in [6]. Roughly speak-
ing, given a confluence problem CR(R) for a GTRS R, the framework applies a number of

*Partially supported by MCIN/AEI project PID2024-1620300B-100 funded by
MCIN/AEI/10.13039/501100011033 and by “ERDF A way of making Europe” and by the grant
CIPROM/2022/6 funded by Generalitat Valenciana.

lhttp://zenon.dsic.upv.es/confident/
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(REPLACEMENT-MAP (RULES
(from ) from(n) -> cons(n,from(s(n)))
(rm 2) rm(x,nil) -> nil
(cons 2) rm(x,cons(x,xs)) —-> rm(x,xs)
) rm(x,cons(y,xs)) —-> cons(y,rm(x,xs)) | Neq(x,y)
(VAR m n x xs y) edups(nil) -> nil
(HORN-CLAUSES edups(cons(x,nil)) -> cons(x,nil)
Neq(0,s(n)) edups (cons (x,cons(x,xs))) -> edups(cons(x,xs))
Neq(s(n),0) edups (cons (x,cons(y,xs)))
Neq(s(m),s(n)) -> cons(x,rm(x,edups(cons(y,xs)))) | Neq(x,y)
| Neq(m,n) )
)

Figure 1: The GTRS R in [15, Figure 1] in the extended COPS format in [4]

processors which transform the problem into auxiliary problems where “simpler” properties of
R like local confluence WCR(R), strong confluence SCR(R), or joinability properties of the
conditional pairs 7 : (s,t) < c for terms s and ¢ and (possibly empty) conditional part ¢ (e.g.,
Critical Pairs [8], Conditional Critical Pairs [10], Conditional Variable Pairs, or just CVPs, [14],
Parallel CVPs [15], etc.) which are used to prove the aforementioned confluence properties of
R (e.g., joinability JO(R,w) or strong joinability SJO(R,m)) are attempted.

Although [6] demonstrates the treatment of confluence proofs for TRSs, CS-TRSs, CTRSs,
and CS-CTRSs only, the underlying processors of the framework are readily generalizable to
fully general GTRSs. For instance, the well-known Knuth-Bendix result [11, Theorem 4] show-
ing that terminating TRSs that satisfy a lattice condition (i.e., Huet’s local confluence [8]) and
the characterization of local confluence of TRSs as the joinability of critical pairs [8, Lemma 3.1]
has been extended and generalized to CS-TRSs, CTRSs and GTRSs in [18, 14] (by considering
not only CPs but also other conditional pairs). Thus, we use a single processor Pgg to apply
the results by different authors which permit a proof of local or strong confluence on the basis
of checking (strong) joinability of conditional pairs [6, Section 5.3]. Actually, such joinability
checkings are forwarded to processor P ;o [0, Section 5.5], which is in charge of checking the
corresponding joinability property depending on the considered joinability problem JO(R, )
or SJO(R, ).

The integration of the new weak V-orthogonality results in [15] is made through the already
existing processor P4, implementing the usual confluence results for orthogonal systems [6,
Section 5.4.3]. We only needed to include an additional option in the definition of the processor
to treat weak V-orthogonality according to [15, Definition 12].

3 Implementation

CONFident is implemented in Haskell. The extension that adds Horn clauses in CONFident
needed changes in 37 modules and around 600 loc. The parser has been extended to accept
the COPS notation? enriched with a new block HORN-CLAUSES to specify them (see Figure 1).
These new predicates can be used both in the conditions of the Horn clauses and in the rules.
To implement the framework, the following data type is used:

1 —— | Parameterized generalized term rewriting system.

2https://project-coco.uibk.ac.at/problems/

51



Confluence of GTRSs with CONFident R. Gutiérrez and S. Lucas

data GTRS abc

= GTRS { ctrsSignature . Signature a
, ctrsVariables :» Variables b
, ctrsRules :: Set (CRule ¢)
, ctrsHornClauses :: Set (HornClause c)
}

Function symbols and variables are incrementally composed in accordance with the required
characteristics. This construction mechanism is employed throughout all of our tools. In this
way, a function symbol have the type IdFCS IdFTRS and the following structure:

—— | Term rewriting system function symbol

data IdFTRS
= IdFTRS { fid : Int —— " Identifier
, fname :: String —— " Name of the function symbol
, arity o Int —— " Arity of the symbol

—— | Context—Sensitive function symbol
data IdFCS id
= IdFCS { csfprev  :: id —— " Previous info
, mu = [Int] —— " Active positions

}

This approach enables the definition of extended function symbols and variables enriched with
additional characteristics. This “Russian doll” style construction facilitates the simple intro-
duction of new extensions into the system, such as axioms or sort information. Nevertheless, the
computational treatment remains challenging; for example, moving from syntactic unification
to order-sorted unification may have important consequences in the analysis of critical pairs,
for instance.

This approach allows us to define extended function symbols (and variables) enriched with
additional characteristics, such as axioms or sort information. Using this russian doll definition,
extensions are simple to be introduced in the system. Of course, the computational treatment is
different (for example, it is not trivial to pass from the syntactic unification to teh order-sorted
unification). For variables, IdVTRS is sufficient for GTRSs:

—— | Term rewriting system variable symbol
data IdVTRS
= IdVTRS { vid = Int —— " Identifier
, vname :: Maybe String —— " Name of the variable

}
Accordingly, our specific GTRS is defined as follows:

—— | "InGTRS’ are the GTRS we use in our problems
type InGTRS = GTRS (IdFCS IdFTRS) IdVTRS (Term (IdFCS IdFTRS) IdVTRS)

Conditional rules and Horn clauses are constructed over terms. To support predicates, the set
of possible conditions has been extended as follows:

—— | Basic rule

data Rulea=a:—> a

—— | Basic atom

data Atom a = Pred a

—— | A condition

data Cond a = a:—>x a —— rewriting in zero or more steps
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—— more rewriting relations
| PredCond a  —— predicate condition

—— | Conditional rule

data CRule a = Rule a :=> [Cond 3]

—— | Horn Clause

data HornClause a = Atom a :<= [Cond a]

Consequently, conditional rules and Horn clauses are represented by the types CRule (Term
(IdFCS IdFTRS) IAVTRS) and HornClause (Term (IdFCS IdFTRS) IdVTRS), respectively.
We use the muterm-framework library to define instances of problems, processors, and
also strategy combinators to easily define our strategy. In the confluence framework [7], we
consider two kinds of problems: confluence problems and joinability problems. Our new GTRS
representation is integrated into the framework by providing the appropriate instances of these
type classes. InCritPair represents the information associated with a computed critical pair.

—— | Confluence Problem Type Class
class IsConfProblem typ trs | typ —> trs where
getConfProblem :: typ —> trs
setConfProblem :: trs —> typ —> typ
—— | Conditional Joinability Problems have a list of critical pairs
class IsJProblem typ cps | typ —> cps where
getCPairs :: typ —> [cps]
setCPairs :: [cps] —> typ —> typ
—— | Confluence Problem — GTRS
data InConfGTRS gtrs = InConfGTRS gtrs
—— | Joinability Problem — GTRS
data InJGTRS trs cps = InJGTRS trs [cps]
—— | GTRSs are Confluence Problems
instance IsConfProblem (InConfGTRS InGTRS) InGTRS where
getConfProblem (InConfGTRS trs) = trs
setConfProblem trs (InConfGTRS _) = InConfGTRS trs
—— | GTRSs Problems together with CPs are Joinability Problems
instance IsJProblem (InJGTRS InGTRS InCritPair) InCritPair where
getCPairs (InJGTRS _ cps) = cps
setCPairs cps (InJGTRS gtrs _) = InJGTRS gtrs cps

After computing the critical pairs, confluence problems are transformed into joinability prob-
lems.

Problem categories are encoded as data types. The associated data type determines the
strategy that is applied to a problem.

—— | GRewriting problem

data GRewriting = GRewriting

—— | JGRewriting problem

data JGRewriting = JGRewriting

class Functor (Problem typ) => IsProblem typ where
data Problem typ :: * —> *
getProblemType :: Problem typ trs —> typ
getR 2 Problem typ trs —> trs

—— | GRewriting problem is a Problem

instance IsProblem GRewriting where
data Problem GRewriting a = GRew a
getProblemType (GRew _) = CRewriting
getR (GRew r) =r
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—— | JGRewriting problem is a Problem

instance IsProblem JGRewriting where
data Problem JGRewriting a = JGRew a
getProblemType (JGRew _) = JGRewriting
getR (JGRew r) = r

Confluence and joinability problems are instances of a general problem abstraction (IsProblem),
defined by the presence of an associated term rewriting system, and are handled by correspond-
ing specialized processors. Processors can be pure if they transform a problem into a (hopefully
simpler) problem of the same type or transformational, if the type of the problem changes. We
show an example of both.

—— Infeasibility Rule Processor

data InfGTRSProcessor = InfGTRSProcessor {timeout :: Maybe Int}

—— Processor

instance (... functional dependencies ...)
=> Processor InfGTRSProcessor (Problem GRewriting conftrs)

(Problem GRewriting conftrs) where

apply InfGTRSProcessor {timeout = to} inP = ...

—— | Critical Pairs Processor

data CriticalPairGTRSProcessor = CriticalPairGTRSProcessor

—— Processor

instance (... functional dependencies ...)
=> Processor CriticalPairGTRSProcessor (Problem GRewriting conftrs1)

(Problem JGRewriting conftrs2) where

apply CriticalPairsCProcessor inP = ...

Each processor has its own name. The strategy combines the different processors in order
to find a proof tree. The strategy is the same as in [6], with infeasibility, critical pairs and
termination processors adapted to GTRSs.

By describing Horn clauses independently instead of encoding them as rewriting rules, we
can in practice simplify the conditions for critical pairs, avoiding the need to use rewriting when
it is not required, and improve the flexibility of processors based on polynomial interpretations,
as predicates may be interpreted independently, as shown in [17].

4 Benchmarks

We have performed our benchmarks using 24 GTRS examples from the literature.> We are

able to prove confluence of 15 of them and non-confluence of 4. Overall, we are able to deal
with almost 80% of the considered examples. These results are promising, as this first (full)
extension of CONFident to GTRSs essentially relies on improvements recently introduced in our
tools (infChecker [5] and MU-TERM GTRS [4]) rather than on techniques specific to GTRSs.

5 Conclusions and Future Work

We have extended CONFident to give support to fully general GTRSs in proofs of confluence.
The tool implements the Confluence Framework for proving confluence of GTRSs [6], allowing
the use of infeasibility processors [3] to deal with proofs of joinability of conditional pairs involv-
ing atomic components in conditions, and termination processors that take Horn clauses into

3http://zenon.dsic.upv.es/confident/benchmarks.html
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account, like the ones implemented in MU-TERM GTRS [4]. The benchmarks display promising
results.

As for future work, we plan to extend more sophisticated processors to deal with GTRSs which
can be used as the basis of a tool for proving confluence of Maude programs.

Acknoledgements. We thank the reviewers for their remarks and comments leading to sev-
eral improvements.
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Abstract

We present a stratified normalisation completion procedure for rewriting systems over
linear precategories. Our approach relies on a stratification of the set of rewriting rules
according to their confluence and termination properties. We introduce stratified termi-
nation functions to establish termination for such systems. We illustrate the method on
several classes of algebraic structures, including associative and diagrammatic algebras. In
these contexts, we show how the stratification of defining rules can be used to compute
hom-bases effectively.

1 Introduction

This work is part of a broader program on rewriting methods in algebra. Rewriting theory
provides effective tools to address fundamental problems such as the word problem, the com-
putation of linear bases [24] and resolutions [2, 22, 11] of algebraic structures, and the proof of
coherence results [23, 8]. These methods apply to a wide range of algebraic structures, including
monoids, algebras over operads, and higher-dimensional structures presented by linear operads
or monoidal categories [1, 6, 20, 9]. Most approaches rely on transforming systems of algebraic
equations into confluent rewriting systems via completion procedures.

In practice, one often needs to work modulo a set of axioms, either because no terminating
orientation exists or to perform constructions modulo these axioms (e.g., for computing linear
bases). Rewriting modulo has been extensively studied, both in rewriting theory [12, 19] and
in the theory of Grobner—Shirshov bases [5, 21]. Several completion procedures extend the
principle of Knuth-Bendix completion [15] to rewriting modulo axioms [13, 18, 14]. A key
insight from these approaches is that, in some situations, it is useful to stratify rewriting rules
and compute completion layer by layer, taking into account the normalisation of the lower
strata. This allows the overall problem to be decomposed into a series of local steps [18, 14].

We present a method for constructing convergent presentations of diagrammatic algebras
arising from linear monoidal categories defined by generators and relations. Our goal is to
compute linear hom-bases from such convergent presentations [1, 6, 20, 9]. The main difficulty
is the complexity of these specifications, which involve many axioms together with intricate
interactions between categorical and linear structures. Establishing termination and confluence
is particularly challenging due to the two-dimensional combinatorial nature of the rewritten
objects, namely 2-cells subject to interchange relations. Our approach is based on decomposing
rewriting systems into strata according to termination and confluence properties. We develop
techniques adapted to this setting to prove termination and perform completion layer by layer.

The present contribution focuses on the resulting stratified completion procedure. Our
constructions are formulated for rewriting systems in linear higher precategories, presented by
linear (n+1)-prepolygraphs, as recalled in Section 2. This framework encompasses, in particular,
associative algebras and diagrammatic algebras. Section 3 introduces a normalised completion
procedure based on a stratification of prepolygraphs. It proceeds stratum by stratum: at each
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step, context-induced reductions are normalised with respect to lower strata and oriented by a
monomial order, yielding the next stratum. This normalisation makes the confluence property
modular [4, Sec. 9.3]: if each normalised stratum is confluent, then their union is confluent.
Finally, we illustrate the effectiveness of the procedure on algebraic examples.

2 Termination of stratified algebraic rewriting systems

Rewriting in precategories. Our results are formulated in the setting of free linear higher
precategories [7], a linear version of precategories introduced in [9, 20]. For n > 1, a linear
n-precategory is a linear n-category in which the interchange law is not imposed, that is, the
o, —1-composition of n-cells is not required to be functorial. We recall below the notation needed
in the sequel and refer to the references above for the definitions.

In the sequel, C denotes a free linear n-precategory over a field k generated by a linear
n-prepolygraph. Rewriting is performed modulo the underlying linear structure, in the spirit of
Grobner—Shirshov bases [10]. A context of C is a pair (O, C') consisting of an (n — 1)-sphere O
of C and an n-cell C[0J] that contains exactly one occurrence of OJ. From [7], every monomial
n-cell h in C admits a unique decomposition h = Cilay] 0p—1 « -+ 01 Cpy[auy], where «; are
generating n-cells in C and m is the length of h, denoted by |h|. Any n-cell f can be decomposed
as a linear combination f = Y A\;m; of monomials m;, with A\; € k. We write supp(f) for the
set of monomials occurring in f with nonzero coefficient. A (cellular) extension of C is a set X
equipped with a map p : X — Sph,,(C), where Sph,,(C) consists of pairs (f, g) of parallel n-cells.
The elements of X are called X -rewriting rules, and are denoted by « : s« — tav. Without loss of
generality, we may assume that the source of any rule is a monomial. We denote da := sa — ta.
The monomial extension of X is X™ := {(sa,v) | @ € X,v € supp(ta)}.

An X -rewriting step u < v is an (n+1)-cell \C[a] + 1 in the free (n+ 1)-precategory C[X]
generated by X on C, where A € k\ {0}, a € X, and sC[a] ¢ supp(f), such that u = AC[sa]+ f
and v = AC[ta]+f. An X -rewriting path u 3 visan (n+1)-cell in the (n+1)-precategory C[X]
that is a composite o = g1 oy, ... 0y, o), of X-rewriting steps such that so; = u and to, = v.

An n-cell f in C is in X-normal form if it cannot be reduced by any X-rewriting step. We
denote by Nf(X) the set of X-normal forms in C, and by Nf,,(X) its subset of monomials. An
n-cell g is a normal form of an n-cell f if f =9 and g is in X-normal form. In this case,
we write g = flx. If X is normalising, an X -normalisation strategy is a map (—))x sending
every n-cell f of C to a normal form f|y. Any context C' admits a unique decomposition
frnon—1---01 frogdog g1 01 0p_1 gn, with i-cells f; and g¢; in C. We write C € Nf(X) if
frsgn € Nf(X) and set the length |C| := |fn| + |gn]- A context C is X-admissible with o if
C € Nf(X) and C[sa] ¢ Nf(X). We denote the set of such contexts by Cont(c, X). We define
the context relation C on C by 81 C By if By = C[B1] for some context C. A hom-set total
order < on C is a monomial order if it is monotone and well-founded. We write Im 4 (f) for the
<-maximal monomial in supp(f), and lex(f) for its coefficient.

Stratified rewriting systems. A filtration of length k of an extension X on C is a nested
sequence of subextensions F*X : F1X C...C FFX = X. We set F!X := F1X, and for i > 2,
we set FIX = F'X\F""' X called the i-th stratum of F*X sothat X = F!XUF2XU...UFFX.
Such a decomposition is called a stratification of X, denoted by F*X. An extension X equipped
with F} X is called a k-stratified rewriting system, k-StRS for short.

A E-StRS F?X is normalising if FjX is normalising for every 1 < i < k. A normalisation
strategy for a normalising k-StRS F* X is a family of normalisation strategies (—)J, on F'X,
for 1 < i < k, denoted by (—){..
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A termination function for a k-StRS F}X is a family of maps (6; : Cn = (Zi, <)) 1<i<ks
where each (Z;,=;) is a well-founded total preordered set, satisfying the following conditions:

i) 6;(f) =i 0:(g) implies 6;(C[f]) =i 6:(Clg]), for all parallel n-cells f, g and context C in C,
ii) &;(ta) < 0;(sa), for all @ € (FIX)™ and 1 <i <k,
iii) &;(tB) < 0:(sB), for all B € (F*"1X)™ and 2 < i < k.

The following theorem gives a sufficient condition under which the termination property of
an StRS is modular. Its proof is given in [9].

Theorem 1. If a k-StRS F;X admits a termination function, then it is terminating.

Example 1. Convergent rewriting systems have been widely used in algebra to compute linear
bases of algebras [24]. Stratification provides a natural framework for addressing this problem.
For instance, consider the associative algebra, seen as a linear 1-category with a single 0-cell,
generated by x,y, z and presented by the rules

Y1 XY — yx, Yo Yz — 2Y, Y31 Xz — ZX, a:xyz—>x2—|—y2+z2.

The two systems of rules {y1,72,73} and {a} are individually confluent. To construct a con-
vergent presentation from these rules, we consider the 2-StRS F}X generated by the 1-cells
x,y, 2, with

F!X = {71,72,73} and F2X = {a}.

In the next section, we study the modularity of confluence for this system.

Example 2. We now present an example arising from monoidal categories, formulated in the
diagrammatic language of three-dimensional rewriting [3, Chap. 10]. Let C be the free linear

a+b a b
2-category with a single O-cell, generated by A and ¥ | for all a,b € N* and presented by
a b a+b

the following interchange relations Int(C):

LLA-ATL K1Y AT GLY T PLA-TIA

We also impose the associativity and coassociativity relations
N rA RN
CVa,b,c: c a ) and 6{1,1),6: g — @ )
a b b c

for all a,b, ¢ > 0. The two systems of rules Int(C) and {aq ¢, Bab,c} are individually confluent.
We therefore consider the linear 2-precategory presented by the 2-StRS F; X with
F!X =Int(C) and  F2X = {Qup.c;Babe}-

In the next section, we compute a linear hom-basis for the category C by considering the union
of these two confluent rewriting extensions.
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3 Stratified normalisation completion procedure

In this section, we introduce a normalisation completion procedure for an StRS.

Normalisation. A normalz’satz’on of a k-StRS F X, with respect to an X-compatible mono-
mial order <, is a k-StRS F} *X defined inductively by the followmg procedure.
We set F! X = F1X. We assume that, for 1 < j <4, FJ X has been defined, and we choose
a normalisation strategy (—)J; on FiX. We then define the stratum F;“X as follows.
For every a € FiT1X and context C such that C[0a]l.# 0, we define the rule Cla]); on
F'X-normal forms, by setting sC[a]),:= lm<(C[dal},) and
A0, +w, if w € supp(Ctall.) \ supp(C[sall.),
tClall, =
A"10[-0all; +w, otherwise,

where w = sC[a]l;, and A = leg(C[0a]l,;). We define the following cellular extension on C
consisting of such rules, one for each admissible context of a:

[addi= {Clall X)}

The rules in [o]], are called the F*X -normal reductions of o. Let ming [, denote the set of
minimal rules in [a]; with respect to the context relation C. We then define

Fs”l)? = |_| ming o]l .
a€Fitt X

We call this procedure the stratified normalisation procedure. Given a k-StRS FrX equipped
with a well-founded order <, we denote by SN(FFX, <, |.) the normalisation F;")? obtained by
applying this procedure to F¥ X, with respect to a normalisation strategy (—){. on F S*)/(: .

0 — % (s0) iy T

Lemma 1. For every F!X -rewriting step o = pCla] +

RPN RS FiX
1¢, with i > 1, if Clsa] is F'™' X -reducible and F!X is Figlo i\e
confluent, there exist two F!X -rewriting paths T and p k 4
(possibly identities) as in the side diagram. to — (to)iy e
Fi-ly¥ F:X

For the proof, see [9]. The following lemma shows the modularity of the confluence property
of the k-StRS F*X. Its proof is given in [9].

Lemma 2. Let 1 <j<k. If F;)/(\' is confluent for every i < j, then FiX is confluent.

In particular, the extension X = F*X is confluent. Moreover, since any normalisation X
is Tietze equivalent to F* X, this procedure can be used to compute linear bases. The following
theorem provides an instance of this approach for associative algebras and linear monoidal
categories.

Theorem 2. Let X be an StRS that presents an associative algebra (resp. a linear monoidal
category) C. If there exists an X -compatible monomial order < and a stratification F¥X such
that each stratum of the normalisation F;)? is confluent, then the set me()?) forms a linear
basis (resp. linear hom-basis) of C.

The stratified normalisation procedure does not terminate in general, due to the need to
explore an infinite set of admissible contexts. For string rewriting, this set can be constructed
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recursively, as illustrated below. For diagrammatic rewriting, however, this becomes more
difficult. We therefore introduce an effective way to explore this set. We decompose ming o],
by the length of admissible contexts and define F” ming [o]l; as the C-minimal subset of

{Clal.

We have the following result. For the proof, see [9].

Proposition 1. Let F*X be an StRS and o € F!X. Assume that |sf| = |tB] for every
B € F'=1X. If there exists a natural number n such that

(a, F'X) and |C] < n}.

n > max {[sf]—|a|} and F"minc[a]l._, = F" ! minc[a]li,,
BeEFi—1X

then we have ming [o]};_,= F" ming o], .

Stratified normalisation completion procedure. Combining stratified normalisation with
the Knuth—Bendiz completion procedure yields the following completion procedure for stratified
rewriting systems.

Input:
A Ek-StRS F7 X
An X-compatible monomial order <
Output: A confluent stratified completion of FX
FrX « SN(F*X, <, 1)
while F;)? is not confluent do

I+ {je{l,....,k} | FiX is not confluent}

for j €. I do

| FIX <—KB( FiX, <, 1))

F;X — SN(F; X, <, 1)
return F;‘)A(

By Theorem 2, whenever this procedure terminates, it returns a confluent StRS F X. We
now illustrate it through several applications.
Example 3. Let F7X be the 2-StRS introduced in Example 1, and let < be the lexicographic
order on the alphabet {z,y, 2} with z < y < . The normalisation FX is obtained by setting
FlX = F!X. As Nf(F'X) = {z'y/2° | i,4,£ > 0}, every admissible context is of the form
C = iyt Ozi2yf2l2  with iy, j1, 01, i2, j2, f2 > 0. By setting ¢ = i1 + 42, j = j1 + jo, and
{ = /{1 + ¥y, we deduce that

[, = {zi+1yj+1xé+1 = 2l a2 Py 2t 4 P 2yd gt | 4,4, >0}
and we set R ‘ . ‘ 4
F?X = minc[a]l, = {2/ e — y72a® + T2+ 2% | >0},

The extension F Sl)A( is confluent and F, 52)? has no critical branching, hence is confluent. By
Theorem 2, the associative algebra presented by F¥X admits the linear basis Nf,,(X) =
{727, y'a?, 2'y? | 4,5 >0}
Example 4. Consider the 2-StRS F; X introduced in Example 2. Let < be the lexicographic

order on the alphabet { A, ¥, |} with | < ¥ < A and ﬁ =< ﬁ, y’ =< v and
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o = oy sforalla+b<c+d,ora+b=c+dandb<d, and ry < re. We compute the
normalisation with respect to this monomial order, first on 2-cells of length 1, and then extend
it to arbitrary 2-cells [9].

We set F1X = F!X. Since sa € Nf(F'X A), we have FOmingc[a] J,= {a}. For every
context C of length 1, C[sa] belongs to Nf (FlX ), except in the following four cases:

Lardmsnana GardmeTa T
A Nalral al-Aal«ab-ray

In each of these cases, the C-minimal element of the F!X-normal reduction is «. Thus
F'minc[a]l,= {a} = FOminc[a]l,. Since |a| = |B] = 2, we obtain minc[a]|,= {a} by
Proposition 1. Similarly, ming [8]},= {8}. Hence F2X = F2X.

Both F! X and F2X are confluent. By Theorem 2, the set Nf,,(X) forms a hom-basis of C;
equivalently, every 2-cell admits a unique decomposition fj oy fy 01 ...01 f, into 2-cells in C of
length 1, such that each composite f; o1 fi11 is one of the following forms:

[ATAL YIS IATSE TTTAL
(XL I Al el [eal 191

The two examples above illustrate how the stratified normalisation completion procedure can
improve efficiency by decomposing the set of rules and analysing confluence stratum by stra-
tum, thereby avoiding a global analysis of all critical branchings. In fact, the second example
corresponds to a subcategory of the ¢g-Schur category. In [9], we construct a 5-StRS present-
ing the g-Schur category and compute its normalisation and linear hom-basis, illustrating the
effectiveness of our approach.

4 Conclusion

We have introduced a stratified normalisation completion procedure for linear rewriting, relying
on a monomial order to orient newly generated rules. However, some rewriting systems do not
admit any compatible monomial order (e.g. zyz — 3 + y3 + 2 [10]), while they may still be
proved terminating by means of termination functions. This suggests developing a stratified
normalisation procedure based on termination functions, independently of monomial orders.

Our constructions, formulated for rewriting in free linear precategories, could also be ex-
tended to the non-free setting by working modulo relations. This would require suitable strat-
ifications, normalisation procedures, and termination functions for rewriting modulo.

Finally, the stratified normalisation procedure requires exploring a set of admissible contexts
which is, in general, infinite and difficult to describe in higher dimensions. Two directions could
be pursued to make the procedure more effective. The first consists of stratifying admissible
contexts by their length, thereby yielding finite approximations, as initiated in Proposition 1.
The second consists of describing admissible contexts by means of automata, as in the case
of operated algebras [16, 17], in order to obtain a more efficient representation. These devel-
opments could also provide a basis for future implementations of the stratified normalisation
procedure in computer algebra systems. Such implementations would be particularly valuable
for diagrammatic algebras, which are often presented by many rewriting rules.
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Abstract

We describe completion procedures to obtain strongly confluent TRSs from a set of
equations. Strong confluence implies confluence without requiring termination. We show
the performance of our implementation in TRS.Tool 2 by means of some benchmarks.

1 Introduction

Confluence (Figure 1, left) and termination (the absence of infinite rewrite sequences t; —
ty — ---) are usual requirements for rewriting-based equational reasoning (see [3, Chapter 4]
to find missing definitions and notions we silently use in the following). In this setting, the
process to obtain a confluent and terminating Term Rewriting System (TRS) Ry out from
a set of equations E was investigated by Knuth and Bendix [8], and it is usually known as
completion. During Knuth and Bendix’ completion, given (i) a reduction ordering >, (ii) a
TRS Ry (obtained from E) whose rules are all compatible with = (i.e., £ = r for all ¢ — r € Ry
so that it is terminating [3, Theorem 5.2.3]), and (iii) a non-Ro-joinable critical pair 7 : (s, )

~

of Ro (i.e., there is no u such that s =% wu g <t holds), we add a new rule «:3s — t (if
§ >t holds) or a: ¢ — 5 (if ¢ > § holds; or fail, otherwise) to Ro. Here § and ¢ are Ro-normal
forms of s and ¢, respectively (computable as R is terminating). Then, we obtain a new TRS
R1 = Ro U {a} where 7 is now Ri-joinable, as s R 5 —a tAng<— t. Furthermore, Rq is
terminating, as its rules are all compatible with >=. We continue this way until (hopefully)
obtaining a TRS R,, whose critical pairs are all R,-joinable. Then, by [7, Lemma 3.1], R,
is locally confluent (Figure 1, middle). Furthermore, since R,, is terminating by construction
(SN(R,,) for short), it is confluent, as SN(—) A WCR(—) = CR(—) holds for binary relations
—. However, it is well-known that this may fail in early stages such as (ii) above.

Example 1. Consider E = {c(h(b,b)) = h(b,z),f(f(z)) = b}. The only TRS Ro which can be

obtained from FE is

h(b,z) — c(h(b,b)) (1)
f(f(z)) — b 2)

which is not terminating, as no reduction ordering > is compatible with its rules.

We have recently investigated rewriting-based techiques for proving equational goals, where
termination of Rg is not required [11]. Since confluence can also be guaranteed without re-
quiring termination, devising completion procedures which do not depend on termination is
also interesting. In [10] we show how to do it by relying on strong confluence [7]. Strong
confluence of a binary relation — (SCR(—), see the third diagram in Figure 1, where s —~ ¢

*Partially supported by MCIN/AEI project PID2024-1620300B-100 funded by
MCIN/AEI/10.13039/501100011033 and by “ERDF A way of making Europe” and by the grant
CIPROM/2022/6 funded by Generalitat Valenciana.

64



Completion to Strong Confluence Salvador Lucas and Julia Pagan

s s s

t K t KA to ot
"Juh’.‘v ‘.Juh." E k*‘_ *A ;L//

Confluence (CR) Local confluence (WCR) Strong confluence (SCR)

Figure 1: Different confluence properties

is s — t or s = t), implies confluence, i.e., SCR(—) = CR(—) holds [7, Lemma 2.5]. Also
strong confluence of parallel reduction 4 (where disjoint redexes in terms s are simultaneously
rewritten [7, page 814]) implies confluence of —, i.e., SCR(4) = CR(—) cf. [7, page 815].
Furthermore, both SCR(—) and SCR(4}) can be proved by using alternative joinability notions
(strong joinability, parallel-closedness [7]) with critical pairs. Given a set E of equations we
show how to (hopefully) obtain a TRS Rg such that SCR(—%,) or SCR({px,,) holds, thus
guaranteeing confluence of R, i.e., CR(—x, ), without relying on any reduction ordering > to
decide how equations in F become rules. Instead, we choose the orientation of the equations
fulfilling the usual syntactic requirements of rewrite rules (the left-hand side is not a variable
and variables in the right-hand side occur in the left-hand side) and also the conditions to apply
the underlying theorems guaranteeing strong confluence of — or 4 as some kind of joinability
of critical pairs (linearity or left-linearity).

Example 2. The critical pair 7(3)1,2) : (f(b),b), of R in Evample 1 is not joinable. By adding
fb) — b (3)

to obtain Ry = RoU{(3)}, m(2),1,2) becomes strongly joinable using R1. The new CP m) 1 (3)
and the previous one m(2y1,(2) coincide. There is no other CP. Thus, completion to strong
confluence finishes with R = {(1),(2),(3)}. EQVALCSR!/[11] can now be used with Ry to
prove validity of h(f(b),f(b)) = c(c(h(f(f(z)),b))) in E and also to disprove it for b = h(b,b),
see [11, Examples 5 & 6]

Remark 3 (Completion to Strong Confluence). In [8, Section 6], Knuth and Bendiz talk about
“extension to a complete set” to describe what is called completion today, but “complete” is
used as an adjective. In [7, page 819], Huet uses “to complete” as an action (verb) and wrote

it is possible to extend the Knuth and Bendix method, to attempt to complete a
theory to a confluent one.

In this paper, we use “completion” in this specific sense of an “attempt to complete a theory to a
confluent one”. Actually, Knuth and Bendix’ reason for doing an “extension” is achieving local
confluence as joinability of critical pairs, as termination is first assumed and then kept after the
“extension” with new rules. Thus, the purpose of the procedure is not reinforcing termination
but achieving confluence. Thus, we use completion in the sense of extending/adding new rules
to reinforce (strong) confluence of a TRS R corresponding an equational system E.

After some preliminaries in Section 2, Section 3 recalls the notion of strong confluence
and the results underlying our completion methods. Section 4 discusses completion to strong
confluence of — and 4p. Section 5 briefly describes our benchmarks. Section 6 concludes.

L Available here: http://zenon.dsic.upv.es/trstool/EQ.aspx
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2 Preliminaries

A (valid) rewrite rule (with label «) is an ordered pair o : £ — r or just £ — r, with £,r €
T(F,X), £ & X and Var(r) C Var(£). The left-hand side (Ihs) of the rule is £ and r is the
right-hand side (rhs). A Term Rewriting System (TRS) is a pair R = (F, R) where R is a set
of rewrite rules. A rule £ — r is left-linear if £ is a linear term; it is linear if r also is. A TRS R
is left-linear (resp. linear) if all rules are left-linear (resp. linear). A term s € T(F, X) rewrites
to t at position p, written s B t (or just s — t), if s, = o(¢) and t = s[o(r)],, for some rule
¢ — rin R, p € Pos(s) and substitution o. Terms s and ¢ are |g-joinable (or just joinable if
no confusion arises), written s [ ¢ if there is a term u such that s =% w and ¢t =% u. A TRS
R is confluent (resp. terminating) if —x is confluent (resp. terminating). Given terms s and ¢,

and a set P = {p1,...,pn} C Pos(s) of disjoint positions in s, s i)g t is a parallel reduction
step from s to t if there are rules «; : £; — r; € R and substitutions o;, 1 < ¢ < n, such that

pi = 0i(4;) and t = s[o1(11)]p; -+ - [on(Tn)]p, - We often write s Lits {r t, or even s b ¢.

S

3 Confluence of Linear and Left-linear TRSs

Strong confluence corresponds to commutation of the rightmost diagram in Figure 1 (from [7,
Figure 7]). Accordingly, s and ¢ are strongly —-joinable (or just strongly joinable if no confusion
arises), if there are terms u, ' such that s == u *«t and s =* v/ =« ¢.

In [7], strong confluence of TRSs is investigated using critical pairs. Given variable disjoint
rules a : £ — rand o : £/ — ' of a TRS R, and a non-variable position p of £ such that ¢|, and
¢ unify with mgu 0, (0(¢[r'],),0(r)), labeled 74 p o, is a critical pair (CP) of R with critical
position p. Let CP(R) be the set of CPs of R. Critical pairs 7, , o« Whose critical position is
the root position, i.e., p = A, are called root critical pairs in [3, Exercise 6.19].

Theorem 4. Let R be a TRS. Then, (i) SCR(—r) holds if R is linear and all CPs are
strongly — g -joinable [7, Lemma 3.2]; and (i) SCR(4pr) holds if R is left-linear and for all
CPs Topar : (s,t) € CP(R), if p = A, then s and t are strongly {pr-joinable; and if p # A,
then s 4 t (parallel-closedness) [13, Corollary 3.2].

Although linear TRSs are left-linear, sometimes Theorem 4(i) applies when Theorem 4(ii)
does not apply, see [10, Section 3]. Thus, we use both in our completion procedure.

A sequence of atoms A;, denoting rewriting conditions s; —* t;, s; == t;, s ¢, ...,
for 1 < i < n is feasible if there is a substitution ¢ such that o(A4;) holds for all 1 < i < n;
otherwise, it is infeasible [9]. Also, as it is well-known, in term rewriting the variables occurring
in subject terms behave as constants during rewriting sequences. Thus, given a term ¢, we let
t¥ be the ground term obtained by replacing each occurrence of a variable z in t by a fresh
constant ¢, (see, e.g., [2]). For a TRS R, terms s and ¢, and variables v and u’, (s, t) is

strongly —g-joinable iff s* == u, st —=* o/, t+ =% u, t+ 5=« is feasible
strongly s -joinable iff s 4 u, st —* o/, t4 —=*u, t¥ 4w’ is feasible
parallel closed iff s+ b t+  is feasible

We use infChecker [5] for proving and disproving these feasibility conditions.

Example 5. Strong joinability of (f(b),b) in Erample 1 is disproved with infChecker by up-
loading a COPS infeasibility problem with the condition component

(VAR u u’)
(CONDITION £(b) ->= u, £(b) ->k w’, b ->* u, b ->= u’ )
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Algorithm 1: Completion to Linear, Strongly —-Confluent TRSs
i=0;Ry:={l—=7r | U=r)e EU E*ANLE&XAVar(r) C Var(l)}; oldCPsy := {}
repeat

Riy1:= Ry;

oldCPs;y1 := oldCPsy;

for all (s,t) € (CP(R;) — oldCPs;) do

if SJoin((s,t)) =False or SJoin((s,t)) =Maybe then

if s ¢ X AVar(t) C Var(s) then
‘ Riy1:=Riy1 U {S — t};

else

if t ¢ X AVar(s) C Var(t) then
‘ Riy1:=Riy1 U {t — S};

else
‘ Terminate with output Fail;
end
end
end
0ldCPs;11 := oldCPs; 1 U {(s,t), (t,s)};
od
1:=1+1;
until Rl = Rifl;
output R;;

Handling feasibility conditions with goals s 4} ¢ is more involved, but see [10, Section 4].

4 Completion to Strong Confluence

In our completion approach, we deal with CPs (s, t) using Theorems 4(i) and (ii) as follows:

1. Theorem 4(i): if (s,t) is not strongly —x-joinable, add rule s — ¢, if valid, or else t — s,
if valid, or fail otherwise (see Example 6 below).

2. Theorem 4(ii): if (s,t) is a root CP and it is not strongly {px-joinable, then add rule
s — t, if valid; or else t — s, if valid; or fail otherwise. If 7 is not a root CP and it is not
parallel-closed, then add s — t, if valid; or fail otherwise, as t — s does not work, being
parallel closedness an asymmetric joinability notion.

Given a set of equations F, Algorithm 1 tries to find a linear, strongly —-confluent TRS R g
using Theorem 4(i). Furthermore, the equational theories of Er, ={{=7r|{ —r € Rg} and
F coincide. The algorithm begins with a finite set of equations E satisfying input requirements
guaranteeing that a first set of rules Ry can be obtained by orienting each equation s = ¢
as s — t if s ¢ X and Var(t) C Var(s); otherwise, ¢ — s is used. For each critical pair
7w (s,t) € CP(R;), the algorithm checks its strong —g,-joinability using infChecker. If (i)
strong joinability of 7 is disproved or (ii) the tool fails to determine strong joinability, then
either s — t or t — s is added as a new rule provided that in one of the two cases the left-hand
side is not a variable and the variables in the right-hand side already occur in the left-hand
side. Otherwise, the algorithm fails. This may happen.
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Table 1: Completion to Strong Confluence: Experiments
Added Rules

Success 0 1 2 3 4 6 8 9 11 12 No Result Fail Total

Alg.1 39(33%) 0 19 8 5 3 2 1 0 1 0 79 0 118
Alg.2 13(27%) 1 3 2 2 1 2 0 1 0 1 31 2 46

Example 6. The linear TRS {f(g(z,y)) — y,g(x,y) — x} has a non-joinable critical pair
(f(z),y) which cannot be oriented into a valid rewrite rule.

On the other hand, since both s and t are guaranteed to be linear terms, the added rule is
linear.

If one of the rules can be added, strong joinability of « is trivially guaranteed. Critical
pairs that have already been processed in previous iterations of the algorithm are skipped. We
do so by keeping track of the analysed pairs in oldC'Ps;, which collects the already considered
critical pairs for rules in previous TRSs, Rg,R1,...,R;—1. The process is repeated until no
new rule is added. If the algorithm successfully finishes, then the output is a (linear) strongly
confluent TRS Rg. If some critical pair cannot be oriented (see, e.g., Example 6), then the
algorithm stops with failure. If the loop is executed infinitely, each iteration producing non
strongly —-joinable CPs, never meeting the ending condition, R; = R;_1, then, there is no
explicit, finitely reported failure message. For this reason we talk of an infinite failure.

Theorem 7. [12] Let E be a finite set of linear equations satisfying the input requirements in
Algorithm 1. If the completion procedure applied to E terminates successfully with output R,
then R, is a finite strongly confluent TRS and the equational theories of Er,, and E coincide.

Algorithm 2 tries to find a left-linear strongly {p-confluent TRS R g using Theorem 4(ii).
By lack of space we cannot display it here. See [10, Section 5.2] for full details.

5 Implementation and experiments

Our algorithms have been implemented on top of the tool TRS.Tool [1], which is written in C#,
on the .NET platfom, thus producing a new, improved and extended version of the tool called
TRS.Tool 2 | http://zenon.dsic.upv.es/trstool/. For our benchmarks,

http://zenon.dsic.upv.es/trstool/benchmarks/CompSCR/

we used experimental datasets obtained from the Confluence Problems Database (COPS) [6].
Sets of equations Egr = {¢{ =1 | £ — r € R} were obtained from TRSs R from COPS.

Table 1 summarizes our results by including (i) the number of successfully completed TRSs,
(ii) the number of examples that included a given number of additional rules, (iii) the number
of examples whose completion was interrupted due to timeout (15 minutes), (iv) the number
of failing completions, and (v) the total number of considered examples. As for Algorithm 1,
COPS search sequence

linear non_terminating non_confluent

extracts 118 linear, nonterminating, and nonconfluent TRSs to be used in the benchmarks. As
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shown in Table 1, we had 33% of successful completions. No failure was registered. A timeout
interrupted the remaining ones. As for Algorithm 2, the search sequence

left_linear non_linear non_terminating non_weakly_orthogonal

extracts 46 left-linear but not linear, non-terminating, and non-weakly orthogonal TRSs to be
used in the benchmarks. Note that non_confluent is not included among the search words
used to extract the examples. The reason is that only 5 examples are obtained in this way: 49,
64, 113, 584, and 762. This is too small a set of benchmarks to test the algorithm. The use of
non_weakly_orthogonal avoids many strongly confluent systems, except 504, i.e.,

(VAR x y 2)
(RULES
+(x,y) > +(y,x)
*(+(x,y),2z) > +(*x(x,2),*x(y,z))
*(+(y,x),2z) > +(*x(x,2),*(y,2))
)

which is left-linear but not weakly orthogonal, and is proved strongly 4p-confluent using
Toyama’s result (the three CPs are root CPs and strongly joinable) and corresponds to the
entry with 0 added rules in the second row of Table 1, for Algorithm 2. Still, Algorithm 2 was
able to obtain a strongly {p-confluent TRS for the non-confluent (according to COPS) TRSs
49, 64, 113, and 762, whereas completion of 584 was interrupted due to the timeout. As shown
in Table 1, we had 27% of successful completions. The completion failed in 2 cases (examples
203 and 208). The combined use of Algorithms 1 and 2 provides a completion method which
we call COMPSCR http://zenon.dsic.upv.es/trstool/CompSCR.aspx: if F is not a set of
linear equations, Algorithm 2 is used; otherwise, use Algorithm 1; if it fails or exceeds a timeout
use Algorithm 2.

6 Conclusions and Future Work

We have introduced new procedures for completion of a set F of equations into a confluent
(possibly nonterminating) TRS R g using different kind of strong confluence properties so that
<%, is the equational theory of E. As far as we know, the idea of completion to strong
confluence and its implementation in COMPSCR are novel contributions in the field. In the near
future, we plan to improve the efficiency of our implementation and explore other completion
approaches based on exploiting other joinability notions for critical pairs which do not require
termination. For instance, Gramlich’s notion of parallel critical pair [4] can be considered for
this purpose.

Acknoledgements. We thank the reviewers for their remarks and comments leading to sev-
eral improvements.
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Aart Middeldorp!, Naoki Nishida?, Teppei Saito?,
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2 Department of Computing and Software Systems, Nagoya University, Japan
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The next few pages in these proceedings contain the descriptions of the tools participating in
the 15th Confluence Competition (CoCo 2026). CoCo is a yearly competition in which software
tools attempt to automatically (dis)prove confluence and related properties of rewrite systems
in a variety of formats. For a detailed description we refer to [1]. This year there were 16 tools
(listed in order of registration) participating in 11 categories (listed in order of first appearance
in CoCo):

TRS CTRS GCR UNR UNC NFP COM INF SRS CSR LCTRS

Natto v

Hakusan v

crest v
CeTA-Prover v v v

CeTA * * * *

Csl v v v v v

Co3 v v v

CRaris v
FORT-h v v v v v v

FORTify * * * * * *

AProVE

CONFident v v v v
infChecker v

ACP v v v v v v v

AGCP v

nonreach+CeTA-Prover v

CoCo adopts the ARI' format for input problems. Tools producing certifiable output in a
specific category team up with a certifier and participate as combination in that category. The
certifiers in CoCo 2026 are CeTA and FORTify. The latter teamed up with FORT-h. The former
with ACP, CeTA-Prover, CSI and Hakusan in the TRS category, with ACP, CeTA-Prover and
CSl in the SRS category, with ACP and CeTA-Prover in the COM category, and with Natto and
nonreach+CeTA-Prover in the INF category.

Ihttps://project-coco.uibk.ac.at/ARI/
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The winning (for combined YES/NO answers) tools? of CoCo 2025 participated as demon-
stration tools, to provide a benchmark to measure progress.

The live run of CoCo 2026 on StarExec Miami [2] can be viewed at https://ari-cops.
uibk.ac.at/liveview/?comp=CoCo.2026.competition. Further information about CoCo
2026, including a description of the categories and detailed results, can be obtained from
https://project-coco.uibk.ac.at/2026/.

Acknowledgements The CoCo steering committee is grateful to Nao Hirokawa and Geoff
Sutcliffe for their support.
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Natto 0.2: An Infeasibility Prover

Teppei Saito
JAIST, Japan

Natto is a prototype tool for infeasibility analysis, primarily developed to assess the impact
of formalizing order-based infeasibility methods for certification [3]. It implements a subset
of the infeasibility techniques used in the Nagoya Termination Tool [1, 2], namely polynomial
interpretations over the integers and the weighted path order.

Compared to the 2025 version, the weighted path order has been extended to the generalized
weighted path order [4]. Proof output in the CFP 3 format is currently unsupported.
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Fuyuki Kawano, Hiroka Hondo, Nao Hirokawa, and Kiraku Shintani

JAIST, Japan
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Hakusan is a confluence tool for left-linear term rewrite systems (TRSs). It analyzes con-
fluence by successive application of rule removal criteria [3, 4, 8] based on rule labeling [7, 10],
critical pair systems [2], and the generalization of Knuth and Bendix’ criterion by Klein and
Hirokawa [5]. Non-confluence is shown by tree automata techniques as CSI does [6]. Except
for the generalization of Knuth and Bendix’ criterion, Hakusan can produce proof certificates
verifiable by CeTA [9], see [1]. The tool is available at the following website:

https://www.jaist.ac.jp/project/saigawa/

Note that this version is essentially the same as the version that participated in CoCo 2025.
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The Constrained REwriting Software Tool (crest, for short) is a tool for automatically
proving (non-)confluence of logically constrained rewrite systems (LCTRSs). The development
of crest started in the beginning of 2023 as part of the ARI project’ and initial experiments
were presented at CADE-29 in 2023 [4]. More information of crest can be found at

https://jonas.schoepf.me/crest

Currently, crest supports (non-)confluence [2, 4, 7] and limited (non-)termination analysis [2, 1].
The confluence methods mostly rely on closure properties of (parallel) critical pairs. In addition,
we support two transformation techniques: splitting constrained critical pairs (CCPs) and
merging constrained rewrite rules [5]. Furthermore, a constrained variant of the redundant
rules technique [3] is implemented [6].

Our tool crest participates in the LCTRS category of CoCo 2026.
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CoCo 2026 Participant: CelA-Prover

René Thiemann
University of Innsbruck, Austria

The certifier CeTA [1] is a well-known participant of CoCo. In this year CETA supports certain
proofs, for which there were no certificate-producing tools available. This led to development of
a new tool: CeTA-Prover. Its implementation consists of two parts.

First, several verified functions of CelA are imported, e.g., verified algorithms for unification,
for computing simultaneous critical pairs (SCPs), and for computing rewrite steps, i.e., single
steps — and multisteps —e—. Moreover, fast non-reachability criteria via tcap are imported.

Second, based on these verified functions, further unverified Haskell code has been added.
At the core is a semi-decision procedure for the reachability problem: given a TRS and terms s
and tq,...,t,, does s —* t; hold for some ¢;7 In the affirmative case, the search algorithm also
produces a witness in the form of a rewrite sequence. Internally, an iterative breadth-first search
algorithm with pruning is encoded. Besides the core reachability prover, also some infrastructure
is implemented for parsing ARI-files, for generating CPF-files, etc.

Wrapper functions around these algorithms then form the executable CelA-Prover. It
participates in three CoCo categories.

First, the reachability prover is combined with the SCP algorithm and the implementation
of multistep rewriting in order to assemble a semi-decision procedure for strong confluence of
- for left-linear TRSs R via Okui’s criterion [2].

Second, the same combination is used to assemble a semi-decision procedure for strong
commutation of -e-»x and -e—gs for two left-linear TRSs R and S [3]. Since strong commutation
of -e—»% and —-e—g is not equivalent to strong commutation of -e—g and -e—+x, both properties
are tested in an interleaved setting, using the iterative interface of the breadth-first search.

Third, the reachability prover is coupled with the feasibility prover of nonreach [4] in the
infeasibility category [5].

For further details and for accessing CelA-Prover we refer to:

https://isafor-ceta.uibk.ac.at/ceta-prover.php
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The tool CETA [1] is a certifier for, among other properties, (non-)confluence of term rewrite
systems (TRSs) with and without conditions, (non-)commutation of TRSs and (in)feasibility
of conditions w.r.t. some conditional TRSs. Soundness is proven as part of the formal proof
library IsaFoR, the Isabelle Formalization of Rewriting. For a complete reference of supported
techniques we refer to the certification problem format (CPF) and the IsaFoR/CeTA website:

https://isafor-ceta.uibk.ac.at/

We here describe only the most relevant change of CeTA 3.9 in comparison to the version of
the previous year: It is the full support of Okui’s confluence criterion [2]. Previously, only the
soundness statement was proven [3], without an algorithm to compute the set of simultaneous
critical pairs (SCPs) for a TRS. In CeTA 3.9 such an algorithm is now implemented, verified, and
used to to develop a certificate checker for Okui’s criterion [4]. The checker expects certificates
as follows, where rewrite sequences —* can be represented succinctly via multisteps —e—*.

e For every non-trivial SCP s <e- - — ¢ (i.e., s # t), a joining sequence needs to be provided,
by writing down the intermediate terms uq, ..., u, in the certificate.

S o> U] o> Uy o> ... o> Uy ¢ 1

CeTA also supports commutation proofs via a generalization of Okui’s criterion [4]. Given
two left-linear TRSs R and S, in order to prove strong commutation of -e—x and -e—g, we
require certificates that have the same design as in the confluence setting.

e For every non-trivial SCP s <e- - =5 t, a joining sequence needs to be provided.

§ o5 UL B Uy ©FS ... o5 Uy Rt
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CSl is an automatic tool for (dis)proving confluence and related properties of first-order term
rewrite systems (TRSs). It has been in development since 2010 and has had many different
contributors over the years. Its name is derived from the Confluence of the rivers Sill and Inn in
Innsbruck. The tool is available from

https://cl-informatik.uibk.ac.at/research/software/csi

under a LGPLv3 license. A detailed description of CSI can be found in [4]. Some of the
implemented techniques are described in [1,3,6]. CSI can also produce certificates for confluence
results, which are checked by CeTA [2].

CSI participates in the SRS and TRS categories of CoCo 2026 both as a standalone tool
and in combination with CeTA providing certified confluence and non-confluence answers. In
addition, CSI participates in the NFP, UNC and UNR categories. In 2025 CSI won not only the
TRS category, but also with CeTA it won the RELIABILITY category where tools are ranked based
on the number of certifiable answers.

There is one novelty about CSI in 2026: whereas Okui’s confluence criterion [5] was previously
only used in the unrestricted mode of CSI, now CSI also uses this criterion in the certified mode
with proper CPF output.

CSI uses the conversion tool! to transform ARI problems into COPS problems.
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C03, a COnverter for proving COnfluence of COnditional TRSs,! tries to prove confluence
of conditional term rewrite systems (CTRSs, for short) by using a transformational approach
(cf. [7]). The tool first transforms a given weakly-left-linear (WLL, for short) 3-DCTRS into
an unconditional term rewrite system (TRS, for short) by using Ucons [2], a variant of the
unraveling U [9], and then verifies confluence of the transformed TRS by using the following
theorem.

Theorem 1 ([1, 2]). A 3-DCTRS R is confluent if R is WLL and Ucons(R) is confluent.

The tool is very efficient because of very simple and lightweight functions to verify properties
such as confluence and termination of TRSs.

Since version 2.0, a narrowing-tree-based approach [8, 3] to prove infeasibility of a condition
w.r.t. a CTRS has been implemented [4]. The approach is applicable to syntactically deter-
ministic CTRSs that are operationally terminating and wultra-right-linear w.r.t. the optimized
unraveling. To prove infeasibility of a condition ¢, the tool first proves confluence, and then
linearizes c if failed to prove confluence; then, the tool computes and simplifies a narrowing
tree for ¢, and examines the emptiness of the narrowing tree. Since version 2.2, CO3 accepts
both join and semi-equational CTRSs, and transforms them into equivalent DCTRSs to prove
confluence or infeasibility [5].

The difference from the previous version [6] is a light-weight implementation of LPO and
RPO used in the reduction pair processor for termination. Since the main goal of CO3 is
to provide a converter of CTRSs to TRSs, CO3 has maintained a design policy that does
not rely on external tools. For this reason, CO3 does not call any SAT solver and uses the
precedence determined as follows: Any defined symbol is greater than any constructor, and
regarding symbols of the same type (defined symbols or constructors), those declared earlier
are greater than those declared later. Unfortunately, the implementation of LPO and RPO
has not yielded any new successful (dis)proofs regarding CTRSs in the ARI database, while
confluence of 1498.ari has newly been proved. For this reason, we register for the TRS category
this year.
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CRaris, a CR checker for LCTRSs in ari style,! is a tool to prove confluence of logically
constrained term rewrite systems (LCTRSs, for short) [4] written in the ARI format [1].> The
tool is based on Crisys2®*—Constrained rewriting induction system (version 2)—and receives
LCTRSs written in the ARI format only to prove confluence, while Crisys2 has many functions
to, e.g., solve all-path reachability problems [2]. To prove confluence of LCTRSs, the tool uses
the following criteria:

e weak orthogonality [4], and
e termination and joinability of critical pairs [7].

To prove termination, the tool uses the DP framework for LCTRSs [3] without any interpreta-
tion method, together with a criterion for LCTRSs with bitvector arithmetics [5].

The critical pairs of two constrained rewrite rules py : €1 — 71 [p1] and pa : lo — 72 [p2]
with distinct variables (i.e., Var(f1,r1,¢1) N Var(le,r2,02) = ) are all tuples (s,t,¢) such
that a non-variable subterm ¢1|, of ¢; at a position p is unifiable with ¢3, “p # €, p1 # po
up to variable renaming, or Var(ry) C Var(¢;)”, the most general unifier v of ¢1], and /o
respects variables of both p; and po, i.e., v(x) is either a value or a variable for all variables x
in Var(e1,p2)U(Var(ri,r2) \ Var(li,£2)), (p1 Ap2)y is satisfiable, s = r17, t = (£1[r2]p)7, and
¢ = (1 A p2)7y. The set of critical pairs of an LCTRS R is denoted by CP(R), which includes
all critical pairs of two rules in R U R ¢qie. A critical pair (s, t, ¢) is called trivial if s [¢] ~ t [§].
An LCTRS R is called weakly orthogonal if R is left-linear and all critical pairs of R are trivial.

Theorem 1 ([4]). A weakly orthogonal LCTRS is confluent.
A critical pair (s, t, ¢) is called joinable if ((s,t) [¢]) =% ((s',t") [¢']) and s’ [¢'] ~t' [¢'].
Theorem 2 ([7]). A terminating LCTRS is confluent if all its critical pairs are joinable.

This version uses C03 [6]*—a COnverter for proving COnfluence of COnditional TRSs—to
prove confluence of LCTRSs that can be considered many-sorted TRSs (MS-TRSs, for short):
An LCTRS R is an MS-TRS if every rule £ — r <= ¢ satisfies all of the following:

e both ¢ and r are calculation-free,
e Var(¢) O Var(r), and
e (o is true.

For example, the LCTRS 1526.ari in the ARI database can be considered an MS-TRS. Since
we consider well-typed LCTRSs only, the MS-TRSs obtained from LCTRSs are well-typed.
Since the techniques used in C03 do not rely on sorts, we transform an LCTRS considered an
MS-TRS into a TRS by dropping sorts and guards.

Ihttp://www.lctrs. jp/tools/craris/
2https://project-coco.uibk.ac.at/ARI/lctrs.php
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The first-order theory of rewriting is a decidable theory for finite left-linear right-ground
rewrite systems. The decision procedure goes back to Dauchet and Tison [1]. FORT-h is a
reimplementation of the tool FORT [4], but is based on a new variant of the decision procedure,
described in [2], for the larger class of linear variable-separated rewrite systems. This variant
supports a more expressive theory and is based on anchored ground tree transducers. More
importantly, it can produce certificates for the YES/NO answers. These certificates can then
be verified by FORTify, an independent Haskell program that is code-generated from the
formalization of the decision procedure in the proof assistant Isabelle/HOL.

A command-line version of FORT-h can be downloaded from
http://fortissimo.uibk.ac.at/fort(ify)/

FORT-h participates in the following CoCo 2026 categories: COM, GCR, NFP, TRS, UNC, and
UNR. In all six categories it additionally participates together with FORTify [3] to produce
certified YES/NO answers.

FORT-h 2.1 accepts input problems in ARI' format.
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The first-order theory of rewriting is a decidable theory for linear variable-separated rewrite
systems. The decision procedure goes back to Dauchet and Tison [1]. In this theory confluence-
related properties on ground terms are easily expressible. An extension of the theory to multiple
rewrite systems, as well as the decision procedure, has been formalized in Isabelle/HOL [2—4].
The code generation facilities of Isabelle then give rise to the certifier FORTify which checks
certificate constructed by FORT-h [6]. FORTIfy takes as input an answer (YES/NO), a formula,
a list of TRSs, and a certificate proving that the formula holds (does not hold) for the given
TRSs. It then checks the integrity and validity of the certificate. A command-line version of the
tool can be downloaded from

https://fortissimo.uibk.ac.at/fort(ify)/

We refer to the recent article [5] for a detailed description of FORTIfy.

This year FORTify participates, together with FORT-h, in the following CoCo 2026 categories:
COM, GCR, NFP, TRS, UNC, and UNR.
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AProVE (Automated Program Verification Environment) is a tool for fully automatic pro-
gram verification. Its primary focus is on proving termination, analyzing (worst-case) complex-
ity, and verifying safety or infeasibility for a variety of programming languages, including term
rewriting. For further details on AProVE’s general approach to these analyses, see [4].

Termination and confluence are two closely related properties. On the one hand, local
confluence lets us reduce the termination analysis of overlay systems from arbitrary rewrite
sequences to innermost ones, which has been shown to be substantially easier. On the other
hand, confluence becomes decidable once termination is guaranteed. This interplay makes
AProVE’s powerful termination analysis a natural foundation for confluence analysis.

AProVE has participated in the annual Confluence Competition in 2025 for the first time.
At first, it supported only a small set of techniques that had originally been implemented for the
termination analysis of term rewrite systems. Since its initial participation, however, we have
added more techniques to both prove and disprove confluence. This year, we mostly integrated
techniques based on polynomial interpretations, since such interpretations already have been
implemented in AProVE, due to their usage in termination analysis.

AProVE relies on the following techniques, where those labeled with x have been newly
implemented since last year’s competition:

o Termination-based Confluence Analysis: We use termination analysis to check whether
the well-known decision procedure for confluence of terminating systems is applicable.

e Modularity: We exploit classical results on the modularity of confluence. More precisely,
we implemented several of the modularity criteria presented in [3] and [6].

* Decreasing Diagrams Based on Polynomial Interpretations: Polynomial interpretations
can be used to automate the decreasing diagrams technique of [7] via [1].

x Utilization of Redundant Rewrite Rules: Rules that can be simulated by other rules are
called redundant, see [5]. Confluence analysis can benefit from both adding and removing
such redundant rules.

e Disproving via Dependency Graph Approximations: To disprove joinability of critical
pairs, AProVE reuses techniques originally designed for proving infeasibility in depen-
dency graph approximations, e.g., checking unifiability between the target term and an
approximation of the top part of the source term that is preserved during rewrite steps.

* Disproving Confluence via Polynomial Interpretations: Polynomial interpretations can
not only be used to prove confluence but also to disprove confluence. We mostly rely on
the techniques described in [2].

85



AProVE26 Kassing and Schiiiler and Sokolowski and Giesl

References

(1]
2]
8]

(4]

(5]

(6]
(7]

Takahito Aoto. Automated Confluence Proof by Decreasing Diagrams based on Rule-Labelling. In
Proc. RTA’10, LIPIcs 6, pages 7-16, 2010.

Takahito Aoto. Disproving Confluence of Term Rewriting Systems by Interpretation and Ordering.
In Proc. FroCoS’13, LNCS 8152, pages 311-326, 2013.

Franz Baader and Tobias Nipkow. 7Term Rewriting and All That. Cambridge University Press,
Cambridge, 1998.

Jiirgen Giesl, Cornelius Aschermann, Marc Brockschmidt, Fabian Emmes, Florian Frohn, Carsten
Fuhs, Jera Hensel, Carsten Otto, Martin Pliicker, Peter Schneider-Kamp, Thomas Stroder,
Stephanie Swiderski, and René Thiemann. Analyzing Program Termination and Complexity Au-
tomatically with AProVE. J. Autom. Reason., 58(1):3-31, 2017.

Julian Nagele, Bertram Felgenhauer, and Aart Middeldorp. Improving Automatic Confluence Anal-
ysis of Rewrite Systems by Redundant Rules. In Proc. RTA’15, LIPIcs 36, pages 257268, 2015.

Enno Ohlebusch. Advanced Topics in Term Rewriting. Springer, New York, NY, 2002.

Vincent van Oostrom. Confluence by Decreasing Diagrams. Theoretical Computer Science, 126:259—
280, 1994.

86



CONFident at the 2026 Confluence Competition®

Ratil Gutiérrez and Salvador Lucas

VRAIN, Universitat Politecnica de Valéncia, Valencia, Spain
raul.gutierrez@upv.es
slucas@dsic.upv.es

1 Overview

CONFident is a tool which is able to prove confluence of TRSs, CS-TRSs, CTRSs and CS-
CTRSs. Recently, CONFident has been extended to support generalized term rewriting systems
(GTRSs), a class of term rewriting systems that integrates CS-CTRSs and Horn clauses [4, 5].
The tool is available here:

http://zenon.dsic.upv.es/confident/.

It is written in Haskell implementing the Confluence Framework. We implement the proces-
sors using the logical approach presented in [I, 3, 7] and mechanizing them by external tools
like MU-TERM [3], infChecker [1, 6], AGES [2], Prover9 and Mace4 [J] and Barcelogic'. Last
improvements of infChecker can be found in [8].
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1 Overview

infChecker is a tool for checking (in)feasibility of sequences of rewrite relations with respect to
first-order theories, called goals [7]. Input systems can be TRSs, CS-TRSs, CTRSs, CS-CTRSs
y GTRSs [6]. infChecker participates in the INF category at the Confluence Competition but
it is also used as as a external tool in CONFident [1, 2], which participates in several categories
in the Competition.

The tool is available here:

http://zenon.dsic.upv.es/infChecker/.

Some processors are mechanized using external tools like AGES [4], Prover9 and Mace4 [8].
Latest description of the tool can be found in [3, 5]. The set of relations accepted by infChecker
are {—, =%, o o X ot s D] [ e, e oF e ) B
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ACP (Automated Confluence Prover) is a tool for proving confluence and some related prop-
erties of (conditional) term rewriting systems. Below we provide a brief overview of ACP.

A primary functionality of ACP is proving confluence (CR) of term rewriting systems
(TRSs). ACP integrates multiple direct criteria for guaranteeing confluence of TRSs. It also
incorporates divide—and—conquer criteria by which confluence or non-confluence of TRSs can
be inferred from those of their components. Several methods for disproving confluence are also
employed. For some criteria, it supports generation of proofs in CPF format that can be cer-
tified by certifiers. The internal structure of the prover is kept simple and is mostly inherited
from the version 0.11a, which has been described in [3]. It also deal with confluence of oriented
conditional term rewriting systems. Besides confluence, ACP supports proving the UNC prop-
erty (unique normal form property w.r.t. conversion), the UNR property (unique normal form
property w.r.t. reduction), and the commutation property of term rewriting systems [2, 4, 5, 6].
Some commutativity (dis)proving proofs have capability of producing certifiable proofs in CPF
format.

ACP is written in Standard ML of New Jersey (SML/NJ) and the source code is also available
from [1]. It uses a SAT prover such as MiniSAT and an SMT prover YICES as external provers. It
internally contains an automated (relative) termination prover for TRSs but external (relative)
termination provers can be substituted optionally. Users can specify criteria to be used so that
each criterion or any combination of them can be tested. Several levels of verbosity are available
for the output so that users can investigate details of the employed approximations for each
criterion or can get only the final result of the prover’s attempt.
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AGCP (Automated Groud Confluence Prover) [1] is a tool for proving ground confluence of
many-sorted term rewriting systems. In this year, no new ground (non-)confluence criterion has
been incorporated from the one submitted for CoCo 2023. Below we provide a brief overview
of AGCP.

AGCP is written in Standard ML of New Jersey (SML/NJ). AGCP proves ground confluence
of many-sorted term rewriting systems based on two ingredients. One ingredient is to divide
the ground confluence problem of a many-sorted term rewriting system R into that of S C R
and the inductive validity problem of equations u ~ v w.r.t. S for each u — r € R\ S. Here,
an equation u ~ v is inductively valid w.r.t. S if all its ground instances uo ~ vo is valid w.r.t.
S, ie. uc &s vo. Another ingredient is to prove ground confluence of a many-sorted term
rewriting system via the bounded ground convertibility of the critical pairs. Here, an equation
u ~ v is said to be bounded ground convertibile w.r.t. a quasi-order 2 if uf, %)R vl for any

its ground instance uo, ~ vo4, where x %) y iff there exists x = x¢ < - -+ < z,, = y such that
x - x; or y 7 x; for every ;.

Rewriting induction [3] is a well-known method for proving inductive validity of many-
sorted term rewriting systems. In [1], an extension of rewriting induction to prove bounded
ground convertibility of the equations has been reported. Namely, for a reduction quasi-order
>~ and a quasi-reducible many-sorted term rewriting system R such that R C >, the extension
proves bounded ground convertibility of the input equations w.r.t. 7. The extension not only
allows to deal with non-orientable equations but also with many-sorted TRSs having non-free
constructors. Several methods that add wider flexibility to the this approach are given in
[2]: when suitable rules are not presented in the input system, additional rewrite rules are
constructed that supplement or replace existing rules in order to obtain a set of rules that
is adequate for applying rewriting induction; and an extension of the system of [2] is used if
if the input system contains non-orientable constructor rules. AGCP uses these extension of
the rewriting induction to prove not only inductive validity of equations but also the bounded
ground convertibility of the critical pairs. Finally, some methods to deal with disproving ground
confluence are added as reported in [2].
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The tool nonreach [1,2] is an automated, efficient tool to check infeasibility with respect to
oriented conditional term rewrite systems (CTRSs). The Haskell source code can be obtained
from a public git repository hosted on codeberg, and during the installation process it will
automatically download CeTA-Prover [3].

https://codeberg.org/fmessner/nonreach

Given a CTRS (or a TRS) and one or more infeasibility problems, nonreach uses a combination
of decomposition, based on narrowing (with some heuristics) and proving root-nonreachability
[4], and fast checks, based on tcap and the inductive symbol transition graph [4].

These methods are applied alternately until nonreach either obtains infeasibility (by simpli-
fying the tree to False), finds a satisfying substitution, or reaches a user-defined threshold of
iterations (and concludes MAYBE).

Whereas the proofs of infeasibility of the previous version of nonreach are quite verbose and
can also be machine checked, this was not the case for feasibility. In particular, providing just
the satisfying substitution o such that so —* to for some reachability condition s ~ ¢ is not
enough information for the CPF certificates that are expected by CeTA [5].

To this end the new version of nonreach, version 1.4, now invokes CelTA-Prover internally to
reconstruct all the details of the rewrite sequence so —* to. These details are then displayed in
human-readable form (by nonreach) or they are used to generate machine checkable certificates
(by CeTA-Prover).

In total, our new combination of nonreach + CelA-Prover is the first automatic tool that
generates certifiable feasibility proofs. Moreover, there are minor extensions on the nonreach side,
e.g., by adding native support for the ARI format and for CPF 3 certificates, i.e., without any
external translation tools from COPS or from CPF 2.
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